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SUMMARY

Since Yield Line théory was déveloped its use as a method
of solution of load-carrying capacity problems in reinforced concrete
slab structures has becomé more common and it is now included in many
Codes of Practice. It has been pointed out that, with certain minor
modifications, Yield Line Theory provides an upper bound solution to
the real collapse load and is wi thin the terms of reférence of Limit
Analysis which is based on the theory of perfectly plastic solids.
Before either approach is accepted it is imperative that the
continuum can be shown to behave in the way predicted. Although
theoretical considerations provide important indications of
behaviour it is éxperimental work that must be the ultimate test.
Tests on whole slab structures have shown thé originally supposed
yield conditions to be approximately true but conservative.

Membrane action, which is not encompassed by Limit Analysis, is

known to have a considerablé masking effect on a slab's behaviour

in pure bending. Recently work has been carried out to determine
the condition of yield in reinforced concrete slab elements not
subjected to membrane and shear effects. The maximum variation

in moment capacity of 157 or so predicted by subsequent wield
conditions is easily influenced by difficulties arising from specimen
construction and testing arrangements. This thesis describes the
attempt to increase present knowledge by the analytical and

experimental study of the behwviour in the elastic and plastic



range of slab elements subjected to uniaxial moment and
particularly to combined torsional and bending moments. Spécial
attention has been paid to the effect of this applied mment
cotbination and to the behaviour of the basically discontinuous
material prior and subsequent to the yielding of reinforcement,

leading to the flow law, for which data is still sparse.
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Ast area of steel in bar direction per unit width of slab
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d1 Depth of main steel layer below compressive, upper,

slab surface.
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fh modulus of rupture

k Constant used during tests to calculate ultimate

moments in the bar directions from equ. (6.1)

K1 Principal curvature (sagging positive)
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Minor principal curvature
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CHAPTER 1

INTRODUCTION

11 Object

In recent years renewed #nterest has been shown in
the prediction of the ultimate strengths of reinforced
concrete slab structures. The more recent studies have
stemmed from the work of Johansen on Yield Line theory
and the work of Drucker, Greenberg and Prager on Limit
Analysis. Attempts have been made to justify the use of
the yield condition employed in Yield Line theory and to
encompass it within the stricter terms of reference of
Limit Analyéis. Most of the work carried out has been
of a theoretical nature although a few attempts have been
made to verify the yield criteria experimentally for
uniaxial bending and pure torsion. In the majority of
research carried out only the ultimate strength conditions have
been considered.

The ultimate test of any theory must be an experimental
study, hence the main object of this research was to increase
the experimental data available in relation to the general
behaviour of reinforced concrete slabs in pure bending.

Tests were carried out on 48 slab elements subjected to
uniaxial bending or combined bending and torsional moments.

Attention has been paid, not only to the ultimate behaviour

of such elements but to the elastic characteristics which



may affect the ultimate behaviour significantly. Knowledge

of the elastic behaviour of such elements is imperative

to the control of deformations and cracking, particularly in
view of the new combined €odes of Practice based on Limit

State design concepts. Information relating to the post-yield
behaviour of such slabs is of course essential to the prediction
of ultimate strengths and to the flow laws related to them.

1a2 Outline of Experimental investigation

Two types of tést were carried out on reinforced
concrete slab elements. The first type of test was one in
which the element was set up as a plank and was subjected to
uniaxial bending. This type of test has been carried out
before but was included in this investigation so that direct
comparisons could be made both with existing theories and
with the results obtained from the second series of tests.
Seventeen specimens were tested in this Plank test series
with both the mesh orientation relative to the span and
the degree of orthotropy as variables. The attempt to
restrain principal strain directions to the span direction
was on the whole successful.

The second series of tests was carried out on slab
elements with variable mesh orientation and degree of
oréhotropy under varying conditions of combined bending and
torsion. Thirty one specimens were tested in all, of which

thirteen were 'isotropically' reinforced and eighteen were



vere reinforced with a degree of orthotropy of 0.5.

The results in all load ranges have been presented
in detail for all specimens in Chapter 5 in such a way
that any information not directly presented may be calculated.

1.3 Outline of analytical study

As stated in section 1.1 the main object of the
study was to obtain experimental data in both the elastic
and plastic ranges of behaviour of a reinforced concrete
slab element. The analytical study made here is therefore
of a qualitative nature only. It is suggested that the
material should be treated as a multiphase composite
with varying elastic properties in both a continuous and
discontinuous state. Models can be formed whose varying
properties describe the behaviour of the element from no
load to ultimate load. These suggestions are put forward
in Chapter 3 and references to some of the possible modes
of behaviour presented are made in the chapters relating

to the experimental investigation.
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CHAPTER 2

THEORIES OF PLASTICITY FOR IDEALIZED SOLIDS AND REINFORCED CONCRETE,

21 Introduction

Of the basic requirements of any theory concerning the plastic
behaviour of materials the description of the limits within which plastic
behaviour takes place and of the way the material behaves within these
limits is among the most basic.

Perfectly plastic behaviour is described within the Mathematical
Theory of Perfectly Plastic Solids, itself embraced by the General
Mathematical Theory of Plasticity, which postulates the basic
requirements referred to above in the yield criterion and flow law for
such a perfectly plastic solid.

Although it has been shown that the inelastic behaviour of
some metals including mild and annealed steel approximated closely to
that required in a perfectly plastic solid, it has still to be
demonstrated with any certainty that reinforced concrete structures
obey the same basic relationships. Two dimensional frameworks composed
of beams and columms appear to satisfy approximately the necessary
requirements except that plastic strains have a fairly low upper
limit at concrete compression failure unlike structures in steel
in which the ductility of the material allows very large plastic
straining before complete failure of the section.

However, since an inelastic theory for reinforced concrete



slabs was suggested in the form of Yield Line Theory much controversy
has existed over the form of the yield criterion and the flow law, and
al though these relationships were basically intuitive at the outset
many authors have attempted to justify the assumptions by showing that,
at least in a modified form, they fit into the terms of reference of
the theory of perfectly plastic solids.

It is the object of this chapter to review critically the
suggestions put forward both in the development of the yield criterion
and flow law for reinforced concrete slabs and in the attempted
justification of the inclusion of the material and its related inelastic
relationships into the theory of perfectly plastic solids and hence into
the associated theory of Limit Analysis.

Firstly however, a brief introduction into the basic concepts
of the theory of perfectly plastic solids and the theory of Limit
Analysis will be given so that a direct comparison of basic assumptions

can be made.

2.2, The Mathematical Theory of Perfectly Plastic Solids.

The genisis of the theory of perfectly plastic solids occurred
around 1870 with the work of St.Venant. Since then research has been
carried out by many investigators but generally the two theories of
perfectly plastic solids are due to St. Venant, Lévy and Mises in
which plastic strains are assumed to be so much larger than elastic

strains that the latter may be neglected and Prandt] and Reuss in



which elastic and plastic strains are of the same order of magnitude.

The idealized materials dealt with in the above theories are rigid-
perfectly plastic and elastic - perfectly plastic respectively. The
stress~strain characteristics in simple tension and compression of these
idealized materials are illustrated in Fig 2.1. (a) (b) along with

the characteristics of a rigid-strain hardening material and an elastic
strain hardening material Fig 2.1 (c) (d) which are not dealt with in the
theory of perfectly plastic solids but are encompossed by the General
theory of Plasticity.

The necessity to base a mathematical theory on a material
with highly idealized characteristics becomes evident when the stress-—
strain diagrams for the most highly idealized plastic solid, the
rigid-perfectly plastic material (Fig 2.1. (a) ), and for the perfectly
elastic body (Fige2.l. (b), XY O A C ) are compared. Analytically
these diagrams can be described by the following relations:

1) Perfectly Elastic Solid obeying Hookes Law,

o =Ee (2:1)
where E is a positive constant usually referred
to as Young's Modulus or the Modulus of Elasticity
2) Rigid - Perfectly Plastic Solid[I]

e =0, if 02 < cof or if 02 002 and oo < o (2.2a)

add sgn € = sign o, if 02 002 and ¢ = o (2.2b)
It can be seen from equation 2.1 and equation 2,2 that whilst a one
to one relationship governs the stress-strain characteristics for

an elastic solid it is necessary to describe the behaviour of a
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rigid-perfectly plastic solid in terms of the stress and strain rates

T and € as well as the actual stress o. Equation 2.2a states that the
plastic strain rate, €, is zero whenever the stress, o, is below the
yield stress, oo, or is at the yield stress but about to approach zero.
Equation 2,2b, in which 'sgn' denotes the signum function for which
sgnn=1forn>0; sgnn =<1 forn<oand sgnn =0 forn = o,
states that plastic elongation or contraction is possible so long as
the stress remains at the yield stress either in tension or compression,

Thus one definition of a perfectly plastic solid at least
with respect to simple tension and compression can be stated as:

A Perfectly Plastic Solid is a material in which strains are
independent of time, which is capable of indefinite strains once the
condition of yield is reached and which exhibits no strain hardening
characteristics.

It is important to note that although the terms 'stress
rate' and 'strain rate' are used these are not indicitive of functions
of time and therefore 'plastic flow' does not show viscosity effects
which are time dependent. Both theories of St.Vemant - Lévy - Mises
and Prandtl - Reuss shows that straining is independent of time and
thus neither theory reflects viscosity effects.@] '

In all deformable materials the three equations of equilibrium
must at all times be obeyed. These equations are written in terms of
the components of the stress tensor in the usual way and since slow

plastic deformations are considered, and hence no components of inertia

are significant, the equations of equilibrium can be used in place of
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the more general equations of motiong EI The three equations of
equilibrium

90X ” o Xy " azx % X = 0

ax oy 9z

S'LXY+ aoy + ELYZ $¢ ¥ = 0

ox oy o0z

3sz+ Yz + 90z
ax‘ oy 0z
where ox, Xy, (X2, 0y, (¥X, \¥YZs 02, (ZX, |2¥
are the nine components of the stress tensor for which the equalities
ey = Wz, e =X, yxo o= Xy
are due to symmetry and X, Y and Z are components of the forces
acting on the body. There are therefore six stress components and
three displacement components in only three equilibrium equations.
Six further equations are required to define the stresses and strains
completely. These extra equations are formed from the stress-strain
relationships at a generic point in the body considered. Thus for
an elastic body with a stress-strain relationship of the form of
equation 2.1 The extra six equations are readily obtained in terms
of the elastic constants G, the modulus of rigidity, and K, thebulk
modulus themselves both being dependent on E, the Young's modulus and v
Poissons ratio. These elastic constants should be found experimentally
for any material exhibiting elastic characteristics.
To obtain the six extra equations required to define the

stress state at a point in a perfectly plastic solid it is necessary



to know the stress-strain law governing the behaviour of such a
solid, in the same way as the stress-strain law for an elastic solid
was known, The information required to define the stress=-strain law
for a perfectly plastic solid must include:

a) The stress-strain relationship in the elastic region,

b) The condition or criterion indicating the start of
plastic straining whilst loading and the end of plastic
straining whilst unloading.

c) The stress-strain relationship during plastic flow.

a) Elastic Stress-Strain Relationship

Hooke's law, in which stress is uniquely determined by
strain or vice versa, adequately describes the relationship between
stress and strain in the elastic range before previous yielding
has occurred, A modified form of Hooke's law involving the stress
rate and strain rate is used when, in an unloading cycle, plastic
strains have already occurred. This relationship is only usded in
the Prandtl - Reuss equations governing an elastic perfectly
plastic solid.

b) The Condition of Yield.

At first yield of a perfectly plastic solid, that is when
no part of the solid has previously entered the plastic range, the
strain is uniquely determined by the stress as the yield point
lies on the intersection of elastic and plastic curves and the

elastic stress=strain relationship is independent of the strain
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history (implying that no permanent set effects are involved}.
Thus for this first yielding the critical combination of stress
and strain can be described in terms of stress components alone.
This will take the form of a function:

£ (ox, oy, oz, Xy, ¥z, 12X )
As this function will contain some critical material property
it is convenient to set this function equal to zero indicated that
for negative values of the function yielding has yet to occur and
for positive values to be unacceptable as no state of stress can
exist which exceeds the yield function. Zero values of the yield
function will then indicate that plastic straining is occurring at
the stress point considered. Thus the yield condition is expressed
as:

f (ox, oy, 02z, Xy, (¥2y 2Xx ) = O (2.3)

So far in this chapter it has been implied but not stated
that the perfectly plastic solid conmsidered is an isotropic
material. Previously, in referring to the elastic constants, G, K.
E and v it was implied that their values were independent of
direction in the material therefore defining the material as
isotropic. In this section, for simplicity, only isotropic
perfectly plastic materials will be discussed.

Equation 2.3, defining the yield condition at first
yield, offers no information on the form of the yield condition for

unloading or loading after plastic strains have previously existed
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at the stress point considered. It is a supplementary condition
to the definition of a perfectly plastic solid that the yield
conditions for unloading or loading after previous plastic‘deformation
are subject to the same restrictions concerning isotropy as the yield
condition at first yielding and will therefore take the form of
equation 2.3.

As the material is isotropic the yield condition must
define the vanishing of an invariant of the stress tensor at a
considered point and by choosing values of the invariant accordingly,
negative values will indicate an elastic stress state and positive
values on impossible stress state. The mvariants of the stress
tensor are usually expressed in terms of deviatoric stresses * as it
has been found that hydrostatic stress produces negligible plastic
deformation when acting alone. Because the properties of the
invariant must not change when the principal deviatoric stresses
Ull ’ 021 " U31 are interchanged in any way, the invariant of
the principal deviatoric stresses must become a symmetric function
of its components. Algebraically this symmetric function can be
expressed in terms of three linear independent symmetric functions.

Thus the well known functions chosen are:

o= 011 + 021 + 031
12 12 12
J, = } (01 + 0, + g ) (2.4)
13 13 13
Jq 1/3 « o;" + 0,7 + 04 )
It can easily be shown that Jl reduces to zero and therefore

)

. - 1
* Deviatoric O = - + +
e stress e.g. 0 o 1/3 (01 o, o

where 1, 2, 3 refer to principal stress directions.

3
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the yield condition can be written in terms of I, and J3.

Many yield conditions have been devised to describe the
yield limit of structural metals under the action of combined
stresses. As Marin El;l has concluded in his paper correlating some
sixteen yield or failure conditions with test results conducted
independently by himself, Guest and Smith, a precise, correct
failure theory or yield condition is probably a combination of
a number of theories depending on the ratio of the principal
stresses at failure. However, two well known and frequently
applied yield conditions for mild steel will be briefly described
here as a foundation for comparison with the yield conditions
 suggested for use with reinforced concrete slabs.

The yield condition formulated by Tresca (1868) which is
in fact a special case of Mohr's General Shear Theory (1914), is,
when the largest shear stress is known, one of the most simple
yield criteria to use. It takes its simple form as:

1 1

oG ~ 0, = O - 02 = 2K (2.5)

where 9 and o, are known to be the largest and smallest principal
stresses respectively and K is the constant value of yield stress
in simple shear and is equal to oo/2 , oo being the yield

stress in simple tension. This criterion of yield may be stated
as the 'yield condition of constant maximum shearing stress' and

although it is used extensively in two dimensional problems including

plate problems it can be seen to be non-symmetric as the labelling
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of the principal uses affect the form of the function. Thus
Ruess (1933) generalized the form of the function and in terms
of the invariants of principal deviatoric stress the yield
condition becomes:

3 2 2 12 4 6

9 27J3 36K Jz + 96K J2 64K = o (2.6)

It can be seen that this yield condition causes undue complexity

4J

in the solution of problems in the theory of plasticity and
consequently Von Mises suggested a mathematically simpler yield
condition which nowhere differed from that of Tresca by more than
157. This yield condition which is also extensively used may be
written:

3, - K = o 2.7)
where K retains the meaning given it in Tresca's yield condition,
(equation 2.5). Equation 2.7 may be written in the more familiar
form in terms of biaxial principal stresses:

012 - 022 -0 9, < 002 = 0 (2.8)
Although Von Mises only intended that the yield condition
should be in a more simple mathematical form than Tresca's
criterion of equation 2.6, attempts have been made to give it
some physical significance, the result being that it is now often
referred to as the 'yield condition of maximum shear-strain energy’.

It is frequently more convenient to express the yield
function in terms of generalized stresses[i]which are variables

not necessarily with the dimensions of stress but which specify

the state of stress in the material. For example, in plate theory
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M and M, the principal bending moments could be chosen as
generalized stresses describing the stress state in a perfectly
plastic plate. Other variables such as axial force can also be
included and the yield function of equation 2.3 takes the form:

FOy M), N, N ) =0
where N1 and N2 are the principal axial forces at the considered
point.

: (1] :
More generally and using Pragers - notation:
F (Ql’ Qzuooo-o-o--c-a,Qn)_= 0 (2-9)

vhere Ql’ Qg greeins Qn are generalized stresses affecting the yield

limit of the material.

Thus by translating these generalized stresses into a
Cartesian coordinate system representing the stress point in
n - dimensional generalized stress space the locus of the yield
condition is a surface normally referred to as the yield locus.
For example, the yield condition can be expressed graphically by
a surface in three dimensional problems or by a bounded plane
in two dimensional problems. This yield locus is often used in the
literature to represent the yield condition especially in two-
dimensional problems. The yield conditions of Tresca, (equation
2.5) and Von Mises, (equation 2.8) applied to biaxial problems
are shown in Fig 2.2 in principal stress space. It should be
noted that at any point on the Von Mises yield locus is a
regular point[l]whereas the Tresca yield locus consists only

of singular points of the first and second kind[il that is, point
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Y on the Mises yield locus has only one tangential plane capable
of passing through it whereas point B, on the Tresca yield locus,
has an infinite number of tangential planes passing through it
and is therefore designated a singular point of the first kind
and any point on BC, for instance, has only one tangential plane
passing through an infinite number of points on the yield locus
and is designated a singular point of the second kind.

Before dealing with the stress=strain relation in the
plastic range it should be noted that a further two restrictions
are placed on the behaviour of a perfectly plastic solid. They

[

1) 'The stress increment does no work on the increment

are as stated by Prager :

of plastic strain'. Thus the vectors representing the
stress increments and the plastic strain increments are
orthogonal. This is an important basic principle
governing the interdependence of yield condition and
stress-strain relationship for a perfectly plastic solid
as will be described in Section 2.2(c)

2) 'If two states of stress, neither of which exceeds
the yield limit, are linearly combined with positive
weight 8 and 1 - 8, the resulting state of stress

cannot exceed the yield limit'. This in effect restricts
the shape of the yield locus to a convex form which can be
made up of flat portions as in the Tresca yield condition

but is then not strictly convex.
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(c) Stress-Strain relations in the plastic region.

In early work by St. Venant, Mises, Lévy and others the
yield condition and stress=-strain relation in the plastic
region, referred to subsequently as the flow law, were
considered as separate parts of the total stress-strain law
governing plastic behaviour. St. Venant and Lévy used an assumed
flow law analogous to the stress=-strain relationship in an elastic
body in combination with the Tresca yield condition whilst Von Mises
combined his own suggested yield condition, (equation 2.7), with
the same flow law. The strain rate was considered proportional
to the deviatoric stress associated with it. Prager and Ht:.dge[z:l
show that with the extra condition of uncompressibility used in
the theory of plasticity to obtain one of the six, unknown, independent
equations required in the solution of the equations of equilibrium,
the flow law used by Von Mises in conjunction with his yield condition
furnished a unique deviatoric stress when the strain rate is given.
After further investigations, Von Mises (1928) postulated the
Theory of Plastic Potential which made the flow law dependent
on the yield condition. By use of the 'Principal of Maximum
Specific Power of Dissipation', Mises concluded that for a perfectly
plastic solid subject to all the previously mentioned restrictions
and having a regular yield locus (i.e. each point on the yield
locus is a regular point) there was an associated flow law of the

form:
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dq=ldF ,.o-o’d ‘AE (2010)
1 %, o aa

n
where A is a positive scalar factor, dq1 oW W @ dqn represent
the generalized plastic strain increments® associated with the
generalized stresses Ql e o s o Qn and F is the yield function
in terms of the generalized stresses. This follows from the basic
assumption concerning orthogonality of stress and strain increment
vectors. The stress increment vector will be tangential to the
yield condition for any point on the yield locus and hence the
strain increment vector associated with it will be normal to the
yield locus at the considered stress point. Because mechanical
energy is dissipated during plastic flow the scalor factor A must
be positive, this condition in turn defining the direction of the
strain increment vector along the extérnal normal to the yield
locus.

Koiter (1953) removed the restriction imposed in Mises'
work with regular yield loci only, by generalizing the theory
of plastic potential and considering several yield functions
thus allowing yield loci containing singular points to be covered.

The concept of Plastic Potential is an important one in the theory

* Considering for simplicity a rigid-perfectly plastic solid only,
the generalized strains Ay + o0 0 9 associated with the generalized

stresses are defined by the work equation as dw = Qldq1 — aniqn

where dw is the work done by the stresses on infinitesimal strain

increments.
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of perfectly plastic solids and physically states that plastic

flow will take place in the direction of the external normal

at the stress point considered on the yield locus. Graphically
this is represented on the yield loci in Fig 2.2. For a stress
state represented by point Y on the Mises yield locus the direction
of plastic flow is uniquely determined as it is for a stress

state represented by point X on the Tresca yield locus. However
for a stress state represented by point B on the Tresca yield

locus plastic flow may take place in an infinite number of
directions within the limits of the right angle formed by AB

and CB produced. As Prager[i]shows in an example dealing with
biaxial stresses in a plate, although both the state of stress

and the specific power of dissipation are uniquely determined

by the plastic flow directions and plastic strain rates respectively
for a material obeying the Mises yield condition and associated
flow rule, only the specific power of dissipation is uniquely
determined by the plastic strain rates for a material obeying

the Tresca yield condition and the flow law associated with it
through the generalized theory of plastic potential.

2.3 Limit Analysis

Limit Analysis deals with the determination of the load
carrying capacity of rigid-perfectly plastic solids obeying
all the rules mentioned in Section 2.2 including the observance

of the concept of Plastic Potential sometimes referred to as the

normality law.
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As Limit Analysis has been used extensively in the solution
of many problems concerning the load carrying capacity of
structures including reinforced concrete slabs, it is thought
important that the basic assumptions used in this analysis should
be clearly understood, in the same way as the assumptions and
restrictions of the theory of perfectly plastic solids described
in the previous Section 2.2. For if reinforced concrete slab
elements do not closely obey the principles of the theory of
perfectly plastic solids or the principles of Limit Analysis then
another method of solution more in keeping with its properties
may have to be devised.

Drucker, Greenberg and Prager (1951) first put forward the
principles of Limit Analysis and design, concerning the solution
of load-carrying capacity problems in one, two or three dimensions.
Prager[i]has explained the concepts of Limit Analysis more fully
and demonstrated its method of application in different problems
ranging from simple beams to cylindrical shells when used as a
method of the theory of plasticity. Other applications including
problems in Soil Mechanics are shown to be encompassed by the
theory of Limit Analysis.

A brief list of definitions and laws used in Limit Analysis
follows. A much more detailed description of the general theory
can be found in relevant literature, much of which is due to

Bragerﬁ' 3 and references given therein. There are two fundamental

theorems of Limit Analysis:
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1) First theorem of Limit Analysis

In a rigid - perfectly plastic continuum, plastic
flow cannot occur under loads for which a stable, statically
admissible stress field can be found.

2) Second theorem of Limit Analysis

In a rigid - perfectly plastic continuum, plastic
flow must occur under loads for which an unstable,
kinematically admissible velocity field can be found.
Where;

a) A stress field is defined by making local stresses a
function of position throughout the continuum. The stress field
is statically admissible for given loads if it is in equilibrium
with these loads and is stable if the stresses within it nowhere
attain or exceed the yield limit.

b) A velocity field is defined by expressing the strain
rate field in terms of velocities (i.e. rates of displacements)
and their derivatives where the strain rate field is, as in the
case of the stress field, defined by making the local quantities
of strain rate functions of position throughout the continuum. The
velocity field is said to be kinematically admissible if it
satisfies the kinematical constraints to which the continuum is
known to be subjected, (e.g. a beam with a bgilt—in end has zero
slope and deflexion at the built-in end as kinematical constraints)
and is unstable for given loads if the strain rates associated

with the loads produce a smaller power of dissipation for the whole
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continuum than the power of dissipation of the loads.

The first theorem provides a lower bound on the true collapse
load by employing statical considerations whilst the second theorem
provides an upper bound on the true collapse load by employing
kinematical considerations and by employing the principal of
virtual velocities or virtual work.

The other theorem associated with Limit Analysis is the
Theorem of Uniqueness and, briefly, states that an exact solution
to the collapse load is obtained when the lower bound on the
collapse load obtained from a stable, statically admissible stress-
field coincides with the upper bound on the collapse load obtained
from an unstable, kinematically admissible velocity field. A
complete solution is obtained when a stable, statically admissible
stress field is found for which a compatible unstable, kinematically
admissible velocity field can be indicated.

2.4 Plasticity in Beams and Plates

In traditional beam and plate theory in an elastic

analysis the extension of the centre line is assumed to be zero

and the angle between the centre line and cross section is assumed
constant, or no membrane strains are considered and plane sections
remain plane. In plastic theory applied to beam and plate problems
it is likewise normal to assume that the rate of extension of the
centre line and the rate of change of the angle between centre

line and cross section is zero. Thus the only non-zero generalized

strain rate is the curvature rate K and the generalized stress
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describing the state of stress at a cross-section associated with
the non-zero generalized strain rate i is the bending moment M.
Thus the specific power of dissipation at a cross-section is given
by the product MK and for the continuum is the integral of the
function described by MK throughout the continuum with respect

to position given by / M K dv where dv has the influence of
length, area or volume depending on the type of structure under
consideration. If Pk describes the generalized loads on the
structure and pk describes the generalized velocities associated
with these loads, then the power of these loads can be written

as D = yu Pk pk and by the principal of virtual velocities
z

the fic%izi%us external and internal power dissipation are equal,

hence

H . .
I Pkpk=SfMKdv
k=1

It is this equation of ficticious external and internmal power
dissipations that is commonly used to find the upper bound solution
in Limit Analysis.

Proofs of the theorems of Limit Analysis are usually given
when stress rates and strain rates are continuous functions of
position throughout the continuunJE[ Discontinuous fields can
however be acconmndated[i]as can elastic = perfectly plastic
materials, if, as in papers by Drucker, Greenberg and Prager
(1951 - 1955) on the load - carrying capacity of an elastic -

perfectly plastic structure, the changes in geometry due to elastic
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deformations are regarded as insignificant.

The major assumptions made in Limit Analysis have therefore
already been embraced by the idealizations and restrictions applied
to perfectly plastic solids in Section 2.2. The assumptions
comonly made in thin plate theory are also wused in Limit Analysis
and if these are good approximations in the 'plastic' range as well
as the 'elastic' range at a reinforced concrete slab element then
only the conditions for a perfectly plastic solid and considerations
of geometry changes due to elastic deformations have to be satisfied.

2.5 The solution of plastic plate problems

fomplete solutions have been obtained by several
investigators[i]for rotationally symmetrical loading and support
conditions in plastic plate problems by integration of the governing
equilibrium equation between certain points on the yield locus
usually corresponding to the centre and the edge of the plate.
llowever, in general, complete solutions are very difficult to obtain.
Even some complete solutions have not been evaluated analytically.
Numerical methods, such as the method of isoclinea[E]or step by
step iteration have been resorted to in cases where the solution
of non-linear equations was required. It has been pointed out
by Prager and lopkins (1953) that the governing equations of
equilibrium are elliptic and part elliptic - part parabolic
for the Von Mises and Tresca yield conditions respectively.
The solution of load = carrying capacity problems involving

elliptical functions results in analysis of a first order, non-linear,
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ordinary differential equation which normally can only be solved
by numerical methods.[§] Thus a plate consisting of material obeying
a yield condition with a non-polygonal yield locus, such as Van
Mises, will be more difficult to deal with than one obeying a yield
condition with a polygonal yield locus, particularly one in which
the governing equations are all parabolic.tg} The Tresca yield
condition provides this all-parabolic equation in the first and
third quadrants of principal moment space in the yield diagram
(Fig.2.2, ABC, DEF) where moments are of the same sign. However
it is only in relatively simple support cases for which the whole
plate will yield under moments of the same sign and hence points
on the plate will be found where moments correspond to points
in the second and fourth quadrants of the yield diagram (Fig 2.2
AF, CD) which are governed by elliptical equilibrium equations.
Because of the difficulty presented by the solution of problems
involving non-linear yield conditions it has become common to use
the Tresca yield condition more frequently recently although the
Von Mises yield condition has proved to be closest to the real
yield criterion for ductile materials obtained from test results.
Hodge[i]has pointed out the advantages of approximating a non-linear
yield condition to a piecewise linear function and appropriately
altered flow 1aw[£l Further reference to this technique is made
in the following section 2.8.1lc.

In cases where a complete solution camnot be found because

a compatible kinematically admissible velocity field cannot be found
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to coincide with a stable, statically admissible stress field, bounds
on the correct solution must be obtained by use of the theorems of
Limit Analysis. This method is used in most cases of unsymmetrical
plates and exact but not necessarily complete solutions may be
found when the upper and lower bounds to the collapse load coincide.

Because of the complexities involved with non-linear
yield loci it is apparent that the collapse load of a platically
deforming plate may be considerably influenced by the yield condition
and associated flow law used. Hopkinslg]has indicated the dependence
of the complete solution of rotationally symmetrical plastic plate
problems on the yield condition by comparing the solutions obtained
when the Tresca, Von Mises and Johansen (Section 2.8.10) yield
conditions are used. He points out that the solution of
comparitively few classes of problems are independent of the shape
of the yield locus in generalized principal stress space ( plane
strain is one such example). Although marked changes occur in the
form of the governing equations, by the substitution of different
yield conditions only relatively minor changes may occur in the
macroscopic numerical features of the solutions whereas much larger
errors than the + 87 difference in collapse loads, as a result of
the substitution of Tresca's yield condition for that of Von Mises
mentioned by Hill[EJ may occur in the microscopic features of the
solution.

Hence, if the real yield condition obeyed by reinforced

concrete slabs is found to approximate closely to the conditions
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imposed on it by the Theory of Perfectly Plastic Solids and Limit
Analysis, its form may appreciably affect the load-carrying capacity
solutions predicted by other idealized yield conditions.

2.6 The inelastic behaviour of reinforced concrete slabs

under uniaxial moment

Unlike the stress-strain diagram for a perfectly plastic
solid as described in Section 2.2 (Fig 2.1) the composite of
steel and concrete in a reinforced concrete structure provides
far more complex characteristics. A perfectly plastic beam or
plate, under pure uniaxial bending, has a stress distribution at
a yielding cross-section which is asymmetrical as described
graphically in Fig 2.3(a). If bending is positive (sagging) then
the upper half of the beam or plate will be yielding in compression
at the same time as the bottom half is yielding in tension.
Every fibre across the section has reached the yield stress oo
in tension or compression before plastic flow can take place. In
a reinforced concrete beam or plate subjected to the same bending
action as before, the stress distribution is far more complex and
far from asymmetrical. The stress distribution at a cross-section
is shown in Fig 2.3(b), (e), (d), (e) for a plate or slab with
reinforcement near the tension face only. Fig 2.3 (b) describes
the stress distribution on the cross section when a very small
moment is applied. The concrete is still elastic in both the
compression and tension zones as is the reinforcement. The
neutral axis will be low and below mid-depth, (i.e. providing no

reinforcement is present in the compression zone) its position
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depending on the properties of the concrete and the properties

and amount of reinforcement. As the moment is increased the
stresses become larger in proportion to the strains, until the
ultimate tensile strength of the concrete is reached at the bottom
face. A crack begins to form and the stresses in the tensile
concrete are gradually distributed onto the steel until at a
higher moment the stress distribution takes the form of Fig 2.3 (c)
where stresses in the concrete and steel can still be said to

be elastic. As the moment is increased still further failure

of the section will take place when the extreme fibres on the
concrete compression face have reached their crushing strain. The
steel stress may however be elastic or plastic by this time.

Fig 2.3 (d) indicates the stress distribution on the cross section
when the reinforcement stress is still elastic and the extreme
concrete compression fibre is crushing. This type of cross
section in which the compression concrete fails before the steel
yields is known as an overreinforced section. Fig 2.3 (e) indicates
the stress distribution on the cross section when the reinforcement
stress has reached the yield stress in tension, co. The steel
stress will remain at this constant value of ¢o as the curvature

is increased with a corresponding but small increase in moment

due to the rising neutral axis, and hence increasing lever arm
between tensile and compressive forces, upto a point at which the
strain in the extreme concrete fibre has reached the crushing

strain. This type of section is known as an underreinforced section.
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Many design codes introduce the concept of a balanced section,

at which the extreme concrete compression fibre crushes

siml taneously with the reinforcement stress reaching the yield
atress. Fig 2.4 (a) represents the moment-curvature characteristics
of an underreinforced section. OA will be linear and represents
the pre~cracking behaviour of the section where all concrete

and steel stresses are elastic. At point A cracking occurs.

The exact shape of the curve around point A will be non-continuous
due to the sudden shedding of stress from the tensile concrete to
the reinforcement. As the tensile concrete plays an increasingly
less significant role in the resistance of the tensile forces

the section AB of the curve is followed and represents the
post-cracking behaviour of the section. The steel is still elastic
and the concrete approximates closely to the elastic condition.

At point B the reinforcement reaches its yield stress, co, and

an increase in moment capacity with increasing curvature is

due to the rising neutral axis, as described previously. At
point C the extreme concrete fibre crushes and the moment begins
to drop as curvature is further increased. This falling curve
develops as crushing progresses in the concrete fibres down to

the neutral axis. The moment value at B is known as the yield
moment of the section, the moment value at C as the ultimate
moment. Usually the rise in moment between B and C is small
compared to the rise in moment from O to B and thus the moment

curvature relationship is often idealized into a bilinear or
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more accurately a tri—linéar diagram Fig 2.4 (b). Although this
moment =curvature diagram for uniaxial pure bending is a good
approximation to the corresponding diagram for a perfectly plastic
solid it must be remembered that assumptions have been made
concerning the strain distribution across the section and the
stress distribution in the compression concrete. The agsumptions
made in almost all theories are:

1) The strain distribution is linear i.e. strain
proportional to distance from the neutral axis.

2) No slip or local band failure occurs between the
reinforcement and the concrete.

3) The concrete carries no tensile stresses and hence
cracking takes place up to the level of the neutral
axis.

The concrete compression stress distribution curve varies
in different theories, but for an under reinforced failure the
compression zone is small and the shape of the distribution curve
makes little difference to the ultimate load. The major points
of the various theories concerning the failure of reinforced
concrete beams have been reviewed clearly in the University of
Illinois Engineering Experiment Station Bulletin 399 (1951) and
selected theories have been examined by Evans (1943). The stress
distribution in the compression concrete described previously in
Fig 2.3 (d), (e) is often used and takes the form of the stress-

L - L] L] 4
strain curve obtained in pure compression tests on concretejéi]
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The normal procedure used in the ultimate load design
of reinforced concrete beams or slabs under uniaxial moment is to
equate the force in the yielding steel with the force in the compressive
concrete at failure, and assuming the shape of the concrete
compression curve, the ultimate moment is calculated. Fig 2.5
shows the assumed strain and stress distribution at failure.
The depth to the centroid of the reinforcement from the upper

surface is d,, the depth to the neutral axis dn, the area of

1’
steel Ast, the width of section b, and the crushing strength
of the concrete u, The coefficient K1 defines the depth of the
centroid of the compression curve as Kldn below the upper surface
and the coefficient K2 defines the average stress within the
compression curve as Kzn. Thus as usual the ultimate moment is
given by the equations of equilibrium:
Equating longditudinal forces Ast 0o = Kzu b dn (2.11)
and the resisting moment provided by these forces

Hﬁltv = Ast oo (d1 - Kidn) (2.12)
where M is the ultimate moment

ult

and, thus, by substitution

Mﬁlt = Ast 00 (d1 - K1 Ast oo )

K

(2.13)

o U b d1

The British Codes of Practice give values of the

coefficients = % and K, = 4 thus assuming a rectangular
9 ™ g gu
9

stress block.
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The advantage of ultimate load theory over elastic theory
is that, unless the reinforcement can be arranged otherwise, a
more economic design is possible particular for indeterminate
structures. If a feasible and economic design is to be found the
property of ductility of the structure is usually vital. Plastic
sections in a framework mist be capable of enough rotation to enable
all other sections required to develop a failure mechanism to form.
The same is true in the case of slabs where, as will be discussed
later, 'yield lines' develop and must have the ductility required
so that enough 'lines' can form for complete failure of the highly
indeterminate slab. It is therefore necessary to ensure that the
structure, be it beam or slab, is under reinforced if a safe and
feasible ultimate load or inelastic theory is to be used. An over-
reinforced element has far less ductility before concrete crushes
and failure of the section can be said to have taken place.

So far only uniaxial bending has been considered when the
reinforcement lay in the direction of the applied moment. It is
when other loads are applied or non-symmetrical arrangements of
reinforcement are used that ultimate load theory for slabs and
even beams becomes less certain. Wood and .]ones[]La in their
chapter on assumptions and notation used in the ultimate load
theory of slabs discuss briefly the combinations of stresses that
can occur in a beam or slab. In the case of combined bending
and torsion of beams, combined bending and axial loads and

combined bending and out of plane shear complex interaction
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curves exist between the two stressing components. Even these
interaction relationships mentioned are not fully understood

and yet all could be vitally important to the real failure criterion
for a reinforced congrete slab. The overall interaction of these
stresses in a reinforced concrete slab at failure is an extremely
complex phenomenon which probably will never be understood
completely. In this thesis axial loads and out of plane shear

are assumed zero and the effects of combined bending and torsion

are more carefully studied, along with the variation in direction
of-the reinforcement with respect to the applied moments.

2o Yield Line Theory

Yield line theory could be said to be a theory of
plasticity or ultimate load theory applied to reinforced concrete
slab structures. In Section 2.6 slabs or beams in uniaxial
bending only were considered. Yield was assumed for reasons of
symmetry to take place on a cross-~section orthogonal to the
direction of the applied bending moment. Generally of course
slabs are two-way spanning structures and hence a more general
moment distribution on an element in a reinforced concrete
slab must be considered. The notations and systems usually
adopted are used in this thesiés and these can be found in books by
Timoshenko@or WoodEo’ la

In 1921 Ingerslevﬁ'ﬂfirst developed a theory based on
failure of a slab occurring when discrete lines of yielding formed

in such a way that the slab acted as a 'mechanism' incapable of
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withstanding an increase in load. Fig 2.6 shows a possible scheme
that these yield or fracture lines could form to render the
simply supported square slab a mechanism. Ingerslev assumed
a constant normal moment to the yield line and zero twisting
moment along the yield line.

Jc;h.t.msenE'a found that the normal moment on the yikld
line could not alone satisfy equilibrium of the elements of
the slab bounded by yield lines. (e.g. ABC Fig 2.6). He
introduced the concept of nodal or knot-force, to provide
equilibrium. These concentrated forces acting at junctions of
yield lines with edges or other yield lines were interpreted
as the representation of the twisting moments and shear on a yield
line. Thus two methods of analysis have”developed from Johansens
work. The first is an analysis by virtual work methods, the
second is a so called 'equilibrium' method employing nodal forces.
Work by WoodEo’ ]E] and Jonesﬁ'ahas done much to clarify the
methods, uses and objections to yield-line theory. Pragercilhas
pointed out that Johansens 'failure mechanisms' constitute a
kinematically admissible velocity field and thus the collapse load
obtained is an upper bound in terms of Limit Analysis. Because
the 'equilibrium' or 'nodal - force' theory only considers
equilibrium across the yield line and not in the 'rigid' area
of the slab the collapse load is also an upper bound solution.
Johansens original intuitive yield criterion and flow law however

are far from the form of those yield conditions used in Limit Analysis.
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His yield criterion has been subtley altered to explain yield
line theory in terms of Limit Analysis.

Although many problems, including some breakdown cases,
have still to be solved in yield line theory in its own right,
by far the most controversial and vital subject for argument
has been the acceptance of a yield criterion and flow law for
reinforced concrete slabs, A fair amount of confusion has
developed in recent years because of a lack of understanding in
detail of the implicataons of subtley differing yield criteria
and a lack of information concerning the flow law. Wood EZ, la
has done much to clarify the situation but still no commonly
acceptable yielﬁ criterion or flow law has been exhaustively
established by experiment.,

2.8 Yield Conditions, flow laws and assump tions made for

reinforced concrete slabs.

Most yield criteria have been based loosely on Johansens
original intuitive relationships. However more recently varying
yield criteria have been suggested particular}ly following work
at the Building Research Station[ii]where tests on one-way
spanning slabs showed increases in load=-carrying capacity of
up to 167 when the reinforcement was rotated at an angle to
the direction of the applied bending moment. ‘Lsh::od's'-i:zl
suggestions following tests of this kind also stimuiated research

into this field,

The development of yield criteria for reinforced concrete
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slabs has roughly followed two paths. Firstly those criteria
developed theoretically and preliminarily for the development
of new or revised techniques in the solution of load-carrying
capacity problems presenting particular difficulties within the
original yield-line theory. E'EZI Some criteria have been developed
theoretically in their own right and not for the purpose of
justification of a new technique.[i7’ 15] Secondly, the
criteria developed on both a theoretical and experimental basis,
These are of the most significance, as, although they may not
vary from the purely theoretical criteria, an attempt has been
made at experimental justification which is the ultimate test
of validity of any criterion and flow law. Some experimental
work[ig’ 40, 2ml:]h;—us: been carried out particularly on one-way
spanning slabs that has not resulted in a new or revised criterion
being produced, but in experimental justification of an existing
criterion, within reasonable limits. More recent experimental
work[?2-2§]haa shown marked differences in conclusions and it
will be shown that much can depend on even minor points in
the test set up.

More detailed descriptions of each criterion and flow
law developed and used will now be outlined.

2.8.1 Theoretically based yield criteria and flow laws

In the case of reinforced concrete slabs it is not general
enough to consider only isotropic slabs. Slabs reinforced by

a different amount in varying directions can be more economical
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and are frequently used in practice. Orthotropic slabs such as
these are allowed for in Johansens original yield criterion. In
terms of the mathematical theory of plasticity therefore the
yield condition is no longer described by the vanishing of an
invariant as in Section 2.2 but is also a function of the angle
at which the principal moments are inclined to the reinforcement,

a. Johansen's yield criterionﬁz’ la and flow law.

This famous intuitive 'stepped' yield criterion is

generally stated in the form

m = mc0329 + U msinze (a)
m, = W unosze + msin29 (b) (2.14)
m, = M (1 - u) sinBcosO (c)

m is the normal bending moment on the yield line; m, the bending
moment acting along or tangential to the yield line and m . is
the twisting moment acting on the yield line. m is the ultimate
moment due to the reinforcement in the X direction in Fig 2.7
if a uniaxial moment was to act in the X direction only. um
is the ultimate moment due to the reinforcement in the y
direction in Fig 2.7 with uniaxial moment in y direction only. y,
the coefficient of 'orthotropy' is usually given the condition
0 sp € 1

This criterion is obtained by considering local
equilibrium on the yield line when all bars crossing it are
yielding. The general moments m,m, n are thus derived from

t t

the standard transformation of moment equations with the implicit



m | unit width

Mm Iunltwldbh

YieldLine

mly

E VY

FIG 27 TOMANSENS 'STEPPED' MODEL

0 "Mt_ i F—_b A
+m
n
- Mn
mJ_ .
B|
-ml‘ l
M
|—e




37.

condition that the principal moments during yielding are in

the directions of the bars and are equal to the ultimate

moments if uniaxial moment was applied in those directions. This
condition is derived by imagining the yield line to be made up

of an infinite number of steps running parallel to the bar
directions., It has been pointed out that this 'stepped' yield
line is kinematically inadmissible, The criterion is derived
simply from resisting moments or section properties of the slab
and takes no account of the combination of applied moments. All
three equations in equation 2.14 are defined when yield takes
place and hence severerestrictions are placed on mode of yield

as Wood has shown.[io’ = iél In addition to the yield criterion,
Johansen allowed yield lines to form at any orientation to cach
other, be they positive yield lines or negative yield lines.

b. Square Yield Criterion

This criterion which is often accredited to Johansen
has, in fact, basic differences with the original criterion
of equation 2.14., The criterion was developed for use with Limit
Analysis techniques and is usually represented graphically as
in Fig 2.8 and only for isotropic slabs. Plastic potential
or normality of strains as described in Section 2.2 is assumed
to hold. This polyginal yield locus is drawn in principal
moment space, following the convention used in the Tresca and
Van Mises's yield loci. The square yield locus is obtained by

first putting p = 1 in Johansens yield criterion (equation 2,14)
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thus
m = +m (a)
mt = +m (b) (2.15)
mt = 0 (c)

for negative yield lines

m = -m' (a)
mt = - m' (b) (2.15)
mt = 0 (c)

where = m' is negative ultimate moment in n direction.

However it can be seen that equation 2.15 denoted the
state of stress at A on the square yield criterion and equation
2.16 the state of stress at C. Mixed positive and negative
states of stress are not catered for. Thus the square yield
criterion uses equation 2,15 (a) and (c) and equation 2.16 (a)
and (c) only, discarding equation 2.15 (b) and equation 2.16 (b)
so that the equilibrium equation can be satisfied as the stress
state on a slab passing from A to B say. E‘a

The flow law is now that of plastic potential theory
and thus plastic curvatures can only take place in the direction
of the external normal to the yield locus at the stress state
considered for a stress state at B or D where positive and
negative yield lines meet, plastic potential restricts these
plastic curvature rates to a mutually orthogonal direction.
Although these curvature rates need not be equal this condition

insists that positive and negative yield lines meet at right
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angles. Johansen does not state this restriction and tests tend
to show that it is an incorrect assumption.

In Mansfield's[é]work on the solution of load-carrying
capacity problems for plates obeying the square yield criterion
by the utilisation of the calculus of variation (later shown
to the mathematical equivalent in the virtual work method to
the steps taken in determining the nodal forces in the
'equilibrium' methodﬁo’ 13; IEL the condition of orthoganility
of positive and negative yield lines was disregarded.

c. Normal moment and Tangent-Line Yield Criteria

The use of the square yield criterion with its insistence
on orthogonality of positive and negative yield lines which are
also restricted to being principalqyoments invalidates many
often considered yield nmchanisms.[}él Work carried out using
nodal force techniques was unduly restricted by the square yield
criterion where Mn and Mt are principal moments. Kemp and Morley[?il
utilised the fact that only the normal moment Mn on a yield
line appeared in the virtual work equations and thus Johansens
equations defining Mt the tangential moment and Mnt, the twisting
moment on the yield line in equations 2,14, 2.15 and 2.16 were
disregarded, retaining only the equation defining the normal
moment Mn. Thus the principal moment in an isotropic slab
no longer necessarily acts normally to the yield line and the
square yield criterion may be violated. Thus this criterion,

devised to allow a greater flexibility in the use of upper-bound
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stress fields is based entirely on the fact that the energy
dissipation on a yield line M 'I,{ " would not change if the
normal moment, although not necessarily a principal moment,
were somewhere én the tangent line to AB say in Fig 2.8. This
tangent-line criterion as described by Wood[is’ 1€]has led to
certain controversy when applied to a ficticious upper-bound
stress field obeying Ven Mises' yield condition. Wbodlis’ lé]
insisting that the yield criterion for a material is known
'a priori' shows that, by assuming a yielding condé¢al portion
surrounding a yielding spherical central portion of the circular
simply supported plate, no load can be supporteddby the plate.
Save IB:]I:EJ‘.’t.H:es Wood's conclusion and states that the moment -
states in the conical and spherical portions of the plates may
lay anywhere on the tangents to the Von Mises yield locus at
the actual moment coordinates describing these regions (Fig 2.9)
Save then arrives at a complete solution

P = 6.67 HP
where P is total collapse load uniformly distributed over the
plate and MP the plastic moment in uniaxial bending. This
exceeds the exact solution of P = 6,52 7 Mf given by Hopkins
and Wang[g]and is as Save admits the solution to a plate
obeying a piece-wise linear yield condition and is therefore
an approximation to the real yield condition of Von Mises. As
described in Section 2.2 the solution of problems in which

the material obeys a polyginal yield locus are more easily soluble
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than those in which the yield locus is non-polyginal. However

to say that Wood's approach and conclusion is incorrect because
an approximation to the yield condition has resulted in a
complete solution being obtained is wrong. The definition of

an upper-bound field of generalized stress given by Morley E'S]
states that it must satisfy equilibrium and furnish a rate of
work equal to the specific dissipation. Wood in effect has shown
that the assumed upper bound stress field does not satisfy
equilibrium conditions. This.is not at all surprising when

it is considered that the conical yielding portion is assumed

to be in plastic regime A in Fig 2.9 throughout and yet at the edge
of the simply supported plate Mr = 0 and must be in regime C

a condition used by Prager and Wanglé]to obtain the real

complete solution.

Thus the assumed spherical - conical upper bound
stress field is not a valid stress field for a material obeying
the Von Mises yield locus as the plastic regime in the 'conical'
portion varies from ¢ at the edge to B in the central portion
and does not remain as a plastic regime A throughout. The
polyginal approximation XAYBZ (Fig 2.9) allows the assumed
upper bound stress field to be valid as yield takes place in
the same direction throughout the conical portion.

The use of criteria which depend on energy dissipation
considerations only, may be used in nodal - force theory in

the 'equilibrium' method or in the virtual work method used with
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ficticious upper—-bound stress fields even though they do not
seem to satisfy the basic requirements of a yield criterion.
When, however, an approach is taken through the use of Limit
Analysis it is necessary to find a lower bound solution to

the collapse load. Energy ﬁissipation is no longer a criterion
of solution. Equilibrium conditions now govern the moments,
which must nowhere exceed the yield condition.

d. Kemps yield condition and flow law[ii]

In 1962 Kemp E’ﬂ reduced the discrepancy between upper
and lower bound solutions to the collapse of an orthotropically
reinforced, simply supported, rectangular slab to a maximum value
of 147. Previously, discrepancies between the bounds had been
about 10%, using the assumed lower bound stress field suggested
by Sawzukrg'i-l in 1957. By considering more carefully the
stress-state in the corners of the slab, which has been shown
to be critical by Wood[iél Kemp was able to adjust the assumed
moment-field and hence reduce the discrepancy between the bounds,
by comparing the normal moment of the assumed moment-field with
Johansens yield criterion in all directions. (equation 2.14)

Kemp begins by assuming the same physical property
criterion as is used in the square yield criterion, That is
by discarding the equation defining Mt’ the tangential moment
in equation 2,14, 1In the orthotropic slabs considered however

this leads to
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mo = mcosze + q msinze
m,= o (1 - y) sin® cosB (2.17)

unlike the square yield criterion for isotropic slabs where the

u 1s put equal to 1 in equation 2.17.

Then by using the general moment transformation equations
in terms of principal applied moments P& and Mé, the applied
moment in the direction y from the maximum principal moment
direction is given by

. 20+ s sin® (2.18)
mo =3y cosTY M,8in"y S

oo ™ (Ml - MQ) sin y cos y
By equating applied moments to resisting moments, the condition

for yield is obtained
m = Mh
M= M

nt £ (2.19)

This leads to the yield condition
& 2 2 2 . 2 2
mMi(81n @ + pcos“@) + mMz(cos P+ p sin“@) - M’lM2 -um =0 (2.20)
where ¢ = (8 = )
and the angle ¥ is found from

tan 2y = m (1 -yp) sin’p

(Ml - Mé -m (1= yu) cos2p) (2.21)
the curves of m and M are reproduced in Fig 2.10. The yield loci
representing equation 2.20 and its negative moment counterpart are
reproduced in Fig 2.11 and are composed of two hyperbolas. It

should be noted that as both normal moments and twisting moments
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are derived from general equilibrium consideration in the case
of both resisting and applied moments, the value ofy which fixes
the yield line direction will be the same when considering
equalities of normal or twisting moments. Kemp goes on to show
that by expressing equation 2.20 in terms of the general moments

M., M&, and uxy the yield condition may be written indppendently

of angle.
2
(m-Mn) (1.11:1-1*13‘?)-!'11ly | =0
for positive yield (2.21)
d T+ M “+ M) - M? =0
an (m x) (Bm y) -

for negative yield.

By comparing the flow role given by equation 2.21 with
the direction of flow predicted by the theory of plastic potential
(Section 2.2) Kemp found that they were coincident and hence
deduced that a material obeying the yield criterion of equation
2.17 suitably transposed to equation 2.20 obeyed the normality
law and could thus be used in the Limit Analysis theory.

Al though Savetia’ 35], Nielsen[?s]and Wblfensberger[%]
have arrived independently at the same yield condition described
in equation (2.21) albeit in slightly different form, the
approach has slightly varied.

Save'sEB’ 3§lapproach has been to accept only the
physical property criterion describing the normal moment m
in equation 2.17. Then by using the moment transformation
equations in terms of M, M&, H&y equating the applied moment

to the resisting moment and making use of the fact that the
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yield condition will have the form[égl

F (M, My, Mxy, ) = 0 (a)
F = 0 (b)
20

the same equation 2.21 is found to hold. The conditién of
equation 2.20 (b) is synonomous with Kemp's approach of
equating twisting moments.

Massonett . and Sawe'sl:?’El formulation of the conditions
needed to be satisfied (equation 2.22) to produce the yield
surface do not depend on Johansen's physical yield criterion
(equation 2.14) in any way, as the criterion is simply described
as a function of © to be deduced experimentally. It was only
laterféé]that the normal - moment yield criterion, in the
same form as Johansens equation for normal plastic resisting
moment, was substituted in equation 2.22 as the required
function of 8. Thus although the yield condition described
by Kemp, Save etc has been an important advance it has not
in any way changed or developed the physical plastic behaviour
criterion and still uses, although in slightly modified form,
Johansen's first assumed criterion given in equation 2.4

It is therefore necessary to review the experimental
work carried out to investigate the real form of the physical,
plastic or ultimate behaviour of reinforced concrete slabs.

2.8.2. Experimentally based yield conditions and flow laws.

Wood,Ez]Parkqu and others have shown the importance
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of in = plane membrane forces in the collapse load of a real
slab. However before membrane forces can be considered the
yield criterion of reinforced concrete slabs in pure bending

o GD
must be found and following Wood's suggestion several
investigators have attempted the testing of reinforced concrete
slab elements rather than whole slab structures.

a. Tests by JohansenEaBach and Graf 363

Johansen compared the collapse load predicted by his
yield line theory and using his yield criterion with results of
slab tests carried out by himself, Bach and Graf., He found
that reasonably good agreement existed, However these experiments
were not an explicit test of the yield criterion and it can
only be concluded that the overall effects of his assumptions
in the yield line theory are reasonably close to the real
collapse load of a slab.

b. Tests by Kwieciaski EEJ

It was implicit in Johansens derivation of the yield
criterion given by equation 2.14 that the bars remained
straight during yielding and hence the yield force in the
bar acted in the original direction of the bars. After the
tests reported by Wood[ié]which gave moment capacities approximately
167% in excess of those predicted using Johansens yield criterion
a suggestion[iZ]was made that the reinforcement may 'kink'
across the crack so that it was normal to the yield line, This

is usually represented as in Fig 2.12. Equilibrium at the yield
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line for this complete kinking will givé a yield criterion.
mo=m cos® + umsin®

m. =0 (2.23)

This twisting moment of resistance becomes zero
because it is still assumed that the force in the tenmsile
zone of the slab available to act along the yield line and hence
form a couple with the force in the t direction in the concrete
at the yield line resisting the applied twisting moment can
only be the component of the axial forces in the bars in that
direction.

This criterion predicts higher failure moments but
it was realised that complete 'kinking' was too much of an
idealization as crushing of the concrete at points such as
P in Fig 2.12 would reduce the angle through which the bars
actually kinked. Kwiecinski[?g]deveIOped a theory on the two
basic assumptions.

1) Partial 'kinking' of the reinforcement

across the crack.

2) No twisting moment on a yiéld line.

Along with these assumptions, the usual idealizations
made in reinforced concrete bending theory including zero
bending and shear stiffness of the reinforcement weré implicitly
accepted. Tests were carried out, on 16 approximately isotropic
slabs in uniaxial bending set up as a one way spanning plank

with a concentrated line load adross the slab at mid span (Fig 2.13).
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The slabs measured 32 in x 20 in x 1.1/2 in thick. Threaded
mild steel wires of approximately 0.1 in diameter exhibiting
a distinct plastic 'plateau' were spaced at 3 in centres

in both orthogonal layers. The mesh so formed was rotated
with respect to the longditudinal axis of the slab so that
tests were carried out on slabs with = = 0, 150, 300, 45°
where = is the inclination of one set of bars with respect

to the longditudinal axis.

Fig 2.13 also shows how the moment is enhanced by
rotation of the mesh. A maximum value of 18.87 at * = 45° is
obtained from this theory. The test results which look to
be in farily good agreement with the theoretical curve have
been obtained only through modification of the actual results
recorded. Because only about seven bars crossed the yield
line and were provided with no extra anchorage at their ends
bond failures were frequent. Kwiecinski considered a reduced
width of slab, the reduction relying on an estimate of the

number of bars actually involved in resisting the bending

moment.

c. Tests by Hoﬁboltﬁ'i! Silverj E(ﬂ, and Peter[-?‘l:l

Tests carried out by these authors, although not
necessarily directly concerned with the 'kinking' phenomena,
provide useful information in this respect.

Chronologically, Hovbolt's test program was first.

Carried out in 1942, its object was to examine the effectiveness
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of reinforcement in skew bridge slabs. However the results
obtained can be used as a measure of kinking. The test
specimens were longer than those of Kwiecinski, measuring

63 in x 63 in x 5.17 m. The mode of testing however was
similar, the slab being set up as one way spanning with loads
applied at third points. Knife-edge supports allowed no
lateral movement. The bars were hooked at the ends preventing
the severe bond problems experience by Kwiecinski.

Instead of the enhancement of moment capacity expected
if kinking were to exist a tendency for the moment capacity
to decline when the direction of the reinforcement mesh deviated
from the span-direction was observed.

As described for all the experimental work reviewed, the
conditions imposed in the experimental test set up seems to be
of considerable importance. The major factors affecting
Houbolt's results are

i) No lateral movement of supports allowed.

Membrane forces may then be set up especially

at large deflexions affecting the results.

2) Partial restrictions imposed on the twisting

of the slab. Kinematically yield lines can only

form.perpendicu}ar to the span if the slab remains

seated uniformly on the supports. Hovbolt however
reported cases in which the slab corners lifted

from the support (See also Ch. 5.) indicatihg a
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strong tendency that the twisting moments in the

slab were trying to minimize the moment capacity

for that particular arrangement of reinforcement.

The latter effect is one to which all slabs on
unyielding supports and subjected to uniaxial moment may be
subject.

Silver] [2(3 attempted a somewhat more sophisticated
assembly for testing slabs under uniaxial bending. The size
of his test slabs was 65 cm x 65 cm x 4.5 cm but the shape
in plane varied slightly depending on the angle at which the
unidirectional bars were placed as shown in Fig 2.14. The
coefficient of orthotropy was thus zero and the test carried
out by loading at the 24 points indicated in Fig 14 showed
no tendency for the moment capacity to be enhanced. Fig 2,14
also shows the results obtained from the series of nineteen
tests, j being the distance from the reinforcement to the centre
of the compression block and n, the number of bars crossing
the test area, these parameters being introduced in an attempt
to standardize the results. The test rig is liable to the
same condition 1) mentioned earlier but this time twisting
movement was completely restricted by the support conditioms.
A further dbjection to the results is that the moment at which
cracking occured was of the same magnitude as the yield moment.

Peter's@ﬂ tests were carried out on a plate subjected

to torsion and not to bending., The bars were hooked and the
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two layers were not necessarily otrkthogonal as was the case
in Houbolt's earlier work. Peter concluded that 'kinking'
was a local phenomena only related to the crack and reinforcement
characteristics and his test results indicate as do those of
Houbolt and Silverj that no significant change in ultimate
load was effected.

The four following references deal with direct
investigations into the yield criterion and flow law for
reinforced concrete plates.

d. Tests by Baus and Tolaccia[§3’ ég]

Work carried out by Baus and Tolaccia under the direction
of Proféssors Louwis and Massonett at the University of Liege
in 1963 was the first attempt to test an orthogonally reinforced
concrete slab element subjected to biaxial and uniaxial moments
for the express purpose of finding an experimental yield criterion
for slabs in pure bending. The arrangements for testing are
shown in Fig 2.15. The slabs measure 130 x 130 x 8 cm.
Reinforcement is provided by 10 mm.bars with a good plastic
'plateau'. The moments were applied through the jack and lever
arm system shown in Fig 2.15. Jacks marked A or B carrying
the dead load of the system depending on whether a positive
or negative moment is being applied. The moments applied will
be principal moments M1 and Mz.

The conditions that the authors set out to meet are

1) The ability to introduce moments of the same
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sign and of apposite sign in the two orthogonal

directions.

2) The introduction of the moments had to interfere

as little as possible with the free deformation of

the edges of the slab.

3) The moments acting on the edges must be

distributed as evenly as possible and their values

mst be known at any time.

4) There should be no shear force acting on the

slab.

5) There should be no membrane forces acting in

the slab.

It was considered that their test set up satisfied
these conditons although it is not made clear how membrane
forces were eliminated.

About 40 slabs were tested with the inclination of
the orthogonal mesh at 00, 22.50, 30° and 45° to the sides of
the slab, Some slabs were reinforced with a mesh adjacent to
the upper surface as well as the usual mesh adjacent to the
undersurface. The bars were spaced at 6 cm centres providing
a near isotropically reinforced slab. The coefficient of
orthotropy can be calculated to approximately p = 0.815 using
the yield moments in the reinforcement directions calculated
by the authors. Fig 2.16 shows a typical reinforcement lay
out. The extra reinforcement around the periphary was spot

welded to provide additional strength in the proximity of the
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jaws, thus guarding against failures due to stress concentrations,
The principal moments in each test are in a different

ratio and although it is not expressly stated, it is assumed

that the moments are applied proportionaly in that ratio from

zero moment up to failure. This condition of proportional 1loading

is of paramount importance in plastically yielding structures[i’ 21
The experimental yield criterion which is similar for

varying angles is of the form shown in Fig 2.17.
It can be seen to vary considerably from the square

yield criterion. It now represents a concave yield locus

which is not permittable in the theory of perfectly plastic solids

(Ref 1 and Section 2,2). The increase in moment capacity when

M = Mé or -M, is of the order of 307 for slabs in which the

mesh is parallel to the sides. This increase in moment

capacity is explained in different ways depending on the angle

at which the mesh is orientated., For example when the angle is

zero the increase is explained for the 1lst and 3rd quadrants

of Fig 2,17. by stating that, because the concrete on the

compression face is in biaxial compression an effect analagous

to precompression of the specimen occurs. This being especially

important when compressive strength and Poissans ratio are

high. The increase in the 2nd and 4th quadrants is attributed

to an increase in bond between reinforcement and concrete due

to the transverse compressive forces acting. Cracking is thus

hindered and assuming that cracking does not occur until the
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reinforcement has yielded, the moment required to produce
yielding is dependent on the tensile strength of the concrete.

When the mesh makes an angle with the sides the
explanation of moment carrying enhancement follows different
lines. The direction of the crack formed at yielding is made
up of a general crack direction which in turn is formed by the
addition of varying local crack directions. An example is
shown in Fig 2.18, The bars are assumed to 'kink' across
the crack in differing local directions. However many
inconsistencies in approach to particular cases occur as pointed
out by Lenschow and SozenEzg:l Little information is given
concerning the directions of plastic Elow in individual tests
and no conclusions can be drawn as to whether plastic potential
or another flow law is obeyed.

Careful consideration of the test specimen used
indicates that the moments and stress conditions are not well
controlled throughout the elementféég In particular, the
extra reinforcement provided around the edges, which amounts
to a doubling of the strength in these areas and which, in
addition, is spot welded, will tend to produce significant
forces in the perpendicular direction to that in which the moment
is acting., This confinement of the lighter reinforced area
is enhanced by varing neutral axis positions between heavy and
light reinforced areas and will have an overall tendency to

produce membrane forces in the linear test area due to the
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restraint on it from the heavier reinforced surrounding area.
The effect of such additional restraints for purely
practical purposes is a critical factor affecting the results

obtained. The same effect is a criticism of the following

work,

e. Tests by Nielsen Eﬁ:l

Slabs, 155 x 155 x 12 cm, reinforced top and bottom
were tested in pure torsion in the manner shown in Fig 2.19,
The upward and downward concentrated loads at the corners
produce the torsional moment which is transmitted to the slab
by four rigid steel channels cast into the edges. The
reinforcement placed parallel to the sides at 10cm centres
was welded to the channels. Eight slabs were tested, the
coefficient of orthotropy varying from 0.24 to 1. In all tests
failure took place due to yield lines forming at 45° to the
sides,

Contrary to Johansens yield criterion which would
predict a normal moment strength of mknl§. (1 + p) for
6 = 45°, Nielsen, by assuming that the ratio between concrete
compressive stresses in the reinforcement directions is u, the
coefficient of orthotropy, and further that Mohr's circle for
stresses holds, produces an equation for small percentages of
steel of the form.

m =m Y u (2.24)

This equation does not vary significantly from

Johansens prediction for u > 0.5 and the results obtained
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verify both equations in this case. The main objections to
Nielsen's test set up are
1) The steel channels force the yield lines to
form at an angle of 45° to the sides. Particularly
in the case of non isotropic slabs anslab free from
such restraints would not form yield lines at this
angle under the moments applied in this case.
2) Ag the middle plane in a reinforced concrete
slab which has cracked and is approaching yield will
tend to expand, any restraint to this expansion will
produce membrane forces in the plate. The rigid
steel channels will tend to produce this restraining
effect in a similar manner to the extra reinforcement
in the case of slabs tested by Baus and Tblaccia[éil

f. Tests by bbrleytzz—-l

In 1965 Morley carried out tests on one = way
spanning slabs to investigate the effect of the 'kinking'
of reinforcement across yield lines and the effect of membrane
forces on the moment capacity of the slab, The slabs measured
36 in long x 13.1/4 in wide x 1 in deep, and were reinforced
with 3/32 in cold-drawn bright mild steel in one direction
only. An essentially uniaxial strain condition was produced
across the slab by applying in = plane shear forces and forces
producing twisting moments on the slab as shown in Fig 2.20.

The strains in the t - direction were small compared to strains
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in the n direction because of the heavy clamps on the édges
parallel to the t direction used to produée the moment Mn and
force N in the slab. Shear strain y nt was eliminated by
application of the shearing forces N . on the clamped edges,
and thus the experiments simulated a yield line parallel

to the t direction. Concrete strains were measured using

2in Demec gauges and Saunders Roe electrical resistance
gauges, Fig 2.21 shows the test results plotted in relation
to the theoretical curves for 'nmo-kinking' and 'complete kinking'
for the series in which no membrane forces were acting and
only the angle of the reinforcement © was varied. The
experimental results associated with the shear stresses™nt
obtained from the forces N ¢ acting along the slab edges
were uncertain as the measurement of these forces was not
accurate,

It was found that for slabs in whiéh the reinforcement
angle was less than 300, results agreed with theoretical
predictions in the elastic range but for angles greater than
30° more stress was apparently carried than 'no-kinking'
theory allowed. However at yield, results for all slabs moved
closer to the theoretical "mo-kinking' curve. From his results
Morley concluded that at all stages after cracking the 'kinking'
of steel across cracks was not significant. In tests in which
membrane forces were applied the interaction curve was found

to be similar to that given by Wood[iz p'22-8:]and the directions
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of yielding was closely normal to the interaction curve,
indicating that plastic potential theory was closely satisfied.
The other series of tests in which isotropically
reinforced rhomboid slabs were tested under different ratios
of principal moment was designed to produce results which
could be compared with existing and developed yield criteria
under biaxial moment. The test set up is shown schematically
in Fig 2.22 13 slabs, 1.3/8 in. thick and reinforced with similar
steel as had been used previously and slabs, 1.1/4 in. thick
reinforced with Weldmesh were tested in this way. By varying
the dimensions of the rhomboid it was possible to vary the
ratio between the principal moments M’t and M11. The ratio's
chosen were 1.0, 0.6 and 0.2 for the normally reinforced slabs
and 1.0 and 0.4 for the slabs reinforced with Weldmesh.
Several slabs were tested in one-way bending under a uniformly
distributed load so that a comparison of results gave some
indication of the yield criterion for moments of the same
sign. The reinforcement was inclined at OO, 22.1/2° and 45°
to the n direction. Fig 2.23 shows the position of the
test results in a principal - moment coordinate system. As
for the 1.3/8 in. normally reinforced slabs the results
indicate a square yield criterion for small negative ratios
of Mt/Mh but with approximately a 57 decrease in yield moment
for M, = M and a 10%Z increase in yield moment when M, =M.

Morley suggests that the increase in yield moment may be due
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to membrane forces occurring and that the decrease may be due
to concrete failure properties under locaxial stresses, No
explanation was put forward to account for the increase in
moment capacity for the Weldmesh reinforced slabs except the
suggestion that the mesh was slightly displaced from its
original position. A possible conclusion could be that, due
to the very small diameter of the wires, some 'kinking' may
occur thus enhancing the carrying capacity. It is interesting
to note that Baus and Tblaccia[éi]reported an increase in
moment capacity of approximately 107 for My = = My whilst
Mbrléy's results indicate a 5% decrease.

l'Ic:nr.‘}.eyE‘!a concludes that although the yield criterion
represented by the tests appears to be concave the predominately
unidirectional curvature increments at failure indicate that
if the plastic potential flow law is to be used a square yield
criterion should be adopted.

Although the tests on one way slabs indicate that
no 'kinking' of the reinforcement occurs the measurements of
strain may well have been affected by the relatively narrow
test specimen, As the long edges are heavily clamped it is
not at all certain that atress concentrations set up by the
application of moments through them had reduced to zero at
the centre of the 13.1/4 in. wide slab. In the case of the
rhomboid slabs the distinct differences in results obtained

by other aut:hcn:sl-?m:I suggests that the details in test set-up
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producing externally or internally affected membrane forces,
play a very significant role.

In Morley's theoretical work, bounds are obtained on
the yield criterion for the reinforced concrete element'by
assuming the yield criterion of the constituent materials,
The reinforcement mesh is replaced by a sheet of constant
thickness, the properties of which are chosen to correspond
to purely uniaxial stress in the original bar directions. Both
‘the steel and the concrete are assumed elastic = plastic and
hence the theory is only applied to slabs in which the
ultimate properties are overwhelmingly determined by the
steel, Nielsen[?ilused a similar technique.

g. Tests by Lenschow and Sozenl:zg]

The experimental investigations carried out by Lenschow
and Sozen at the University of Illinois in 1966 are among the
best controlled of all tests to date. The first series was
carried out on 'circular' test specimens, Three specimens
of this type were tested under isostatic moment. Fig 23 shows
a plan view of the 'circular' specimen. Moment was applied
to the wings of the slab by steel hangers from the supporting
frame acting through the circular holes onto channels bearing
against the slab, Thus whilst the outer circle in Fig 2.24
was prevented from moving, the imner circle was forced up
producing moments in the slab. The slabs were nominally,

isotropically, reinforced with 1/4in. diameter bars placed in
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pairs at a spacing of 3 in. in the bottom layer and at a spacing
of 2,3/4 in. in the orthogonal upper layer., This smaller
spacing in the upper layer compensated for the lower lever

arm value produced as a consequence of placing that layer on

top of the bottom one. The wings were provided with 507 more
reinforcement to ensure failure in the test area.

The larger test series was carried out on rectangular
slabs 7ft 6in., long x 3ft 6in. wide X approx. 4.12 in. thick.
The loading arrangments for these slabs is shown in Fig 2.25.
The moments were produced in the same way as those in the
previous series., The arrangements of the releases in the
steel hanger system allowed fairly unrestricted deformation
characteristics. Ten slabs were tested under uniaxial moment
and nine slabs under pure torsion. Of the ten slabs tested
under uniaxial moment nine were reinforced at one face only,
the remaining one being reinforced at both faces as a
'standard' for the torsion tests. Six slabs were isotropically
reinforced with the direction of reinforcement varying. The
angles were 0°, 22,1/2°, 45° and 67.1/2°. Three slabs were
non-isotropically reinforced. Of the nine torsional specimens,
seven were isotropically reinforced and two non-isotropically
reinforced., All bars were hooked at the ends to avoid bond
failures, The test set-up was specifically designed to
prevent restraints of any kind., Certain restraints on the

curvature and strains in the transverse direction in the



7'-6 R
3o 18" | 4'-6" E
v
o
®
.l
H-o o 0 o l
| || w
o)

- PLAN

,é
] ‘-l

Y T lu
B -1

J SECTION | J J

Steel H«nngers

SECTION 2

FIG2+:25 RECTAMOULAR SPECIMEN
(LENSCHOW dand SOZEN)




62.

case of the slabs under uniaxial moment may have occurred.
Strain measurements were taken both on the reinforcement and
the concrete faces. Curvature was measured by the use of a
grid of deflexion gauges and an attempt to measure it by the
use of photogrammetry methods was made.

The test results were used to discover whether 'kinking'
of the reinforcement was significant. The resulits, agreed with
those of MorleyEZﬂin as much as 'kinking' was found to
be negligible. An analytical approach to this problem was
also made assuming.,

1) Stress=strain curve for concrete assumed
linearly elastic,

2) Stress=strain curve for concrete assumed rigid-plastic.

3) Analysis of bar reorientation made independently of
stress-strain characteristics by assuming a constant rate of
transfer of force from the steel to the concrete over a feint
length,

This analytical study, although conceding that a certain
amount of 'kinking' must exist due to compatability across a
crack, showed that the effect was insignificant in enhancing
the moment capacity of a section., The authors pointed out

that although the 'kinking' phenomenom at a crack was usually
represented by a diagram such as that in Fig 2.12 from Wood [12:,|
if the scale of the bar and crack at yield in a practical

case was better represented as in Fig 2.26 it would seem almost
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impossible for significant reorientation to exist, It is
interesting to note that in further analytical work, amongst
the additional premises to normal reinforced concrete theory
is the assumption that the bars have zero bending and shear
stiffness.

Further analytical studies show that by considering
equilibrium and compatability at a cracked section and by
employing standard transformation equations, the flexibility
of a reinforced concrete element is dieectly related to the
direction of the reinforcement and the combination of
applied moments for both isotropic and non-isotropic slabs.

The flexibility of an element could increase more than threefold
by rotating the reinforcement at an angle to the applied
moments, An important corollary to this was the definition

of over and under reinforced sections. Because of the higher
concrete strains produced as a consequence of increased
flexibility in some cases, a cross section may be under
reinforced under one combination of applied loads and over
reinforced under another, although it was admitted that the
resisting moments would not transform according to equilibrium
and hence Mohr's circle, due to neutral axis level differences,
this was ignored as errors of between 57 and 107 only were obtained
for a practical example and hence Mohr's circle transformation

was used.

The development of the yield criterion was based on
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similar considerations to those used by KempD'ﬂ and SaveE‘B' 33]
and as the local equilibrium and compatability at a crack was
considered in the derivation of the equations a similar result
in different notation and form was produced, as these were
the same considerations that Johansen originally used.
The results obtained were in good argument with those predicted.
A maximum difference of 117 occurring and being attributed to
strain hardening effects. The predicted angle of yield
were also approximately the same as those reported in the
tests.

The yield criterion and flow law may be written
in the notation of Lenschow and Sozen as described in Fig 2.27 as
M2 = g Ml = (M& c052 (B+y) + Mx sin2 (B +7y) /coszy (2.25)
where y is determined by

= tanZY - W cltanY + w =0
where

we, = (v -w) cotanzs +1=-vw)/ (1l=v) cotan B )
where M.x and My are the ultimate moments calculated as for a
beam in the x and y directions and My/Mx = v and M2/M1 = W,

h. Work by 1"1:inc:e':37:|

The work carried out by Prince in 1967 under K.O.Kemp
at the University of lLondon was mainly of a theoretical nature.
However, ultimate moments and directions of yield lines were
reported for thirteen slabs tested under uniaxial moment by

a system which allowed the yield lines or cracks to form in a
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nearly unrestricted mammer. Fig 2.28 shows diagrammatically the
test set up utilised. Of the thirteen slabs three were
orthotropically reinforced, the degrée of orthotropy being
approximately 0.5, the rest begéng isotropically reinforced.
The results obtained did not generally verify his theoretical
predictions and bond failures near the slab edges were said
to account for this lack of agreement. Yield moments were
calculated on the assumption that failure would occur at the
cross-section with the least number of bars crossing it.
In all tests involving an inclined reinforcement
mesh cast into a rectangular slab element the problem of
inherently weaker cross-sections being present cannot
easily be avoided. However to assume that failure will occur
at the weaker cross-section is to presuppose the mode of
failure of the specimen. The same problem occurs in the
present work and a closer study of its effects will be made
in later chapters,
The theoretical approach in Princes work was based
in essence on a normal moment yield criterion. By working
in terms of steel forces only and by taking account of the
shear stresses and axial stresses developed in the reinforcement
bars a yield criterion was evolved which predicted strengths
between the unkinked and fully kinked yield criteria predictions,
Two cases were considered

1) No bending of reinforcement i.e. when the crack
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width is so small that bending deformation are negligble.

2) Bending of reinforcement across crack. i.e.
when crack widths are larger.
The 'no bending of reinforcement' concept although being dealt
with first was shown to be a special case of the more
general concept in which bending of reinforcement across
the crack occurred. Fig 2.29. shows the basic model in which
the normal force on the yield line was

N = oA cosze + “{ A cosBsiné
and the tangential force along the yield line was

T = oA cos® sin®@ =-"T( A cos0
where A is the area of the bar, ¢ the axial stress and 7| the
tangential shear stress acting normal to the axis of the bar.
The first basic assumption made was that to relate the axial
and shear stresses 'the principal elastic strain direction
is normal to the yield line.' Thus it was implied that no
shear strains can exist along the yield line or normal to it.
This was named the 'strain compatibility condition and led
to the expression

U = G o tan ©

E
where E is the Youngs Modulus and G the modulus of rigidity of

the bar.

By application of the 'strain compatibility' concept

to an isotropic reinforcement mesh and again assuming that at
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and after yield principal strains occurred in a direction normal
to the yield line which forms normally to the principal

moment direction, equations were obtained for the normal and
tangential forces on the yield line.

These were

N = Aon (c0528 + G sinze) + Ao y(sinze +G cosze)
E E
and

T = A(og=-oy) (1~ G/E) sinBcosO
where the bars running in the n direction make an angle of ©
to the normal to the yield.line.

To express the two steel strains in terms of the
yield stress three conditions were considered

1) Tangential force, T was equal to zero

2) The crack width remained constant for both

sets of bars

3) Both sets of bars yielded and by using Von Mises

yield criterion

op = Oy E2 + 3G° cos’e 4
E2 + 3G2 tan29

Prince maintained that it was possible to ignore
small tangential steel forces and that although the physical
crack width must remain constant for each set of bars it
was possible for the effective length of a bar unrestrained
by concrete to vary as this was controlled by the amount of

crushing taking place within the acute angle formed by the
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yield line and the bar. Thus the third condition was utilised
as large plastic deformations can only occur when both sets
of bars are yielding.

Another assumption made was that the shear and axial
stresses remain uniformly distributed over the bar cross-section
after yield. Plastic deformations of the reinforcement were then
calculated using the Von Mises yield condition and associated
flow law, and because 7n = 1/3 tan 8, an expression necessary
for compatible deformaz?ons, did not differ from the elastic
equations for mild steel by a great amount the elastic and
plastic stress distributions were said to be the same.

Thus the final expressions at yielding of the reinforcement

were obtained for the ease of no kinking or bending of the

bars
N =Afy | E c0526 + Gsinze & Esin’e + Gc0526
(E2 + 3G2tan29) 3 (E2 + 3Gzc0529) i
T = Afy.E - §] sin® coser_ 1 1
k?2+3G2tau29)§ (E2+362cosze) 3

These equations for isotropically reinforced slabs are illustrated
in Fig 2.30.

By allowing for bending deformations across the crack
a more general expression was derived for orthotropic reinforcement
meshes. Again it was assumed that the principal strain
direction lay normal to the crack or yield line but the error

involved was reckoned small and the expressions for normal
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and tangential forces were evolved as

N = Afy (cosze + K1 sinze) - (sinze + K2 cosze)
1 + K12 tanzﬁ) i 1+ K22 cos’e ) 4
T = Afy sin® cos® l-k 1 = k3 B

(1 # 3K12tan26)5 (1 + 3K22c0326 )

where K; = 3G and Ko = 3G

3E + szsecze 3E + szcosecze

where k = d/r
d being the crack width and r the radius of the bar.

Prince suggested a value of k = 2 which implies that
the crack width must be equal to the diameter of the bar.
Fig 2.31 shows the above equations plotted for different
values of p and © with k = 2,

The above yield criterion was treated in the same
way as Kemp Ei](see 2.8.1(d) ) treated Johansens normal moment
expression to develop the yield condition in principal moment
space.

The major assumptions made by Prince in his derivation
of the yield condition were

1) Principal elastic strains take place at right

angles to the crack whatever the applied moment

distribution or reinforcement arrangement may be.

2) The elastic and plastic stress distribution

on the bar were the same,

3) Both sets of bars must yield
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4) The ratio of crack width to bar diameter

is 1 at failure.
and 5) The lever arm or neutral axis depth is the same

in any direction.

The first assumption made will be dealt with in later
chapters with reference to the tests carried out in this research
worke.

Lenschow and Sozen[éélhave shown that assumptions
(3) and (5) need not be true at failure and assumption (4)
seems to be an excessive value of k. The fact that k can be
varied according to results obtained makes verification of any
theoretical analysis difficult.

2.9. Summary.

For problems involving the plastic behaviour of reinforced
concrete slabs to be solved using Limit Analysis it is necessary
for the slab to behave within the terms of reference of a
rigid - perfectly plastic solid. The main, basic requirements of
such a material are that:

1) Elastic deformations are small as compared to

plastic deformations.

2) Strains should be independent of time, capable

of indefimite strains once yield is reached and no

strain hardening - characteristics are exhibited.

3) The yield conditions for unloading or loading

after previous plastic straining takes the Same form
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as the yield condition at first yield.

4) The yield locus is convex.

5) The flow law obeys the theory of plastic potential.

As Prager and Hodge [?]have stated "Mathematical theory
may give some indications as to the nature of the yield
condition and stress-strain relation in the plastic range,
but experiments will constitute the ultimate test for any such
theory" and thus although yield conditions such as those
developed by Johansenﬁq, Kemp E'ﬂ, Prince @amd others from
purely theoretical considerations are of great significance,
it must be experimental work that finally verifies their
acceptance or modification, and consequently the inclusion or
exclusion of reinforced concrete slabs as a continuum within
the terms of reference of Limit Analysis. Tests by Nielsenl:%j,
lfl«:rrlﬁz},'l:23 and Lenschow and Sr.:zcan‘-‘-:ga-I have shown that Johansen's
original assumptions in terms of the normal moment on a yield
line are close to those obtained from tests but more exact
limitations on the flow law exist then those he suggested.

Alternatively tests by Kwiecinski EZZ] and Baus
and Tolaccia EB, 2@ have indicated that some amount of
reorientation or 'kinking' of reinforcement exists on a yield
line hence enhancing the moment capacity. The present situation
would suggest that at least in practical cases 'kinking' of
reinforcement on the yield line has an insignificant effect on

the moment capacity.
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Comparison of the tests carried out indicates that
uncontrolled moment or stress states can easily occur inherently
in the test specimens and loading arrangements. These restraints
to the normal action of a freely deforming slab element seem
to produce considerable nonuniformity of results and conclusions.
Tests carried out on one way spanning slabs under uniaxial
moment restrict twisting curvatures in the slab and also
produce masking membrane action under certain conditions.

The problem in testing slab elements is to give the
same freedom from restraints as a mathematically conceived
theoretical slab element would have. If it is practically
impossible to allow all degrees of freedom then at least a
control over which restraints exist must be maintained.

Lenschow and Sozen[§§]have probably come the closest to these
conditions upto the present but the number of slabs tested
was fairly small and of those only uniaxial bending and pure
torsion states were produced. 1~‘.ft:n:1x=_'3.rE2a tested only a small
number of slabs with membrane forces acting and it seems that
the present state of experimental investigation is not yet
advanced enough to include variables over and above those
involved in pure bending without confusion developing.

As has been stated previously tests have been carried
out on either one way spanning slabs, slabs under uniaxial
bending, slabs under pure torsion or slabs acted upon by applied

principal momentscza’ 2, za. As stated by Wood and JonesEb]
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no tests have been carried out on slabs acting under conditions
of combined bending and torsion. The main test series described
in this thesis was designed to rectify this situation and relate

it to the yield condition and flow law for reinforced concrete

slabs.
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CHAPTER 3

QUALITATIVE THEORETICAL ANALYSIS,

3.1 Introduction

The previous research work described in Chapter 2
has in the main part deal t only with the conditions at yield
in a reinforced concrete slab., Little account has been
taken of the behaviour of the slab throughout the history
of loading to failure and consequently it has been inherently
assumed that behaviour at yield is not a function of the
behaviour in any other range.

The object of this chapter is to investigate
theoretically the behaviour of a reinforced concrete slab
elemen t under combined applied moment conditions in a logical
and qualitative manner and to show that the overall action
of the element must depend on all phases of the loading
cycle. Although in many respects the analysis is of an
heuristic nature it will be shown in later chapters
dealing with the analysis of experimental results that the
suggestions put forward are endorsed by empirical data,

3.2 The general mdel of reinforced concrete slabs

Generally reinforced concrete can be described
as a complex multiphase composite material. As concrete
itself is a multiphase composite of coarse aggregate, fine

aggregate and cement matrix it is not strictly sufficient
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to idealize reinforced concrete into a two-phase system of
reinforcement and concrete. However it is possible on a macroscopic
engineering level to accept the properties of the complex
multiphase reinforced concrete as being those of a statistically
homogeneous, isotropic matrix in which homogeneous, isotropic
cylindrical reinforcement inclusions are embedded.

Many fibre reinforced composites contain randomly
aligned arrangements of reinforcing fibre. In a reinforced
concrete structure the fibres are arranged in a non-random
manner and therefore in the general case, the final reinforced
concrete composite has non-homogeneous anisotropic propertfes
although the separate components have at least pseudo-homogeneous,
isotropic characteristics.

In most composite materials such as fibre-reinforced
metals failure of the matrix or of the fibres constitutes the
ultimate load condition. However in these materials it is
usually assumed that the matrix has a lower breaking strength
but higher breaking strain than the fibres ES’SE and either
tensile failure of fibres, tensile failure of matrix or
shear failure of matrix constitutes absolute failure of the
composite. In reinforced concrete composites, particularly
when subjected to tensile stresses the concrete matrix has
a lower breaking strength and lower breaking strain than the
reinforcing fibres. A fundamental difference also exists

due to the fact that tensile failure of the concrete matrix
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does not imply complete failure of the composite. In fact,
in terms of reinforced concrete structures subjected to bending
stresses complete failure is deemed to have occurred when the
compression concrete fails or in the exceptional case when
the reinforcing bars have snapped.

Thus, in the case of singularly reinforced concrete
slabs, the complete system consists of an anisotropic
composite of reinforcement bar and concrete matrix subjected
principally to tensile stresses and an isotropic layer of
concrete subjected principally to compressive stresses. In
addition the depth of both layers changes as the load
increases and the neutral axis rises. These two layers,
are acted upon by equal and opposite forces so that equilibrium
is maintained at all times. In addition to the condition
of equilibrium the layers must also obey the laws of compatibility
of deformations., Thus it is necessary for interaction between
the layers to exist so that the deformations of the isotropic
and anisotropic components are compatible when equal and
opposite stress fields are applied to them.

3.3 Behaviour of the composite to failure

This section is divided into four subjections relating
to different ranges throughout the history of loading. These
are the load ranges from zero load to cracking load, from
cracking load to the yield of the first set of bars, from yield

of the first to yield of the second layer of bars and finally
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from complete yield to failure.

Although these phases are treated separately some
general patterns of behaviour are, essentially common to more
than one range. Thus two important pdints are related to
several load ranges.

They are:-

a) The effect of the mesh orientation relative

to the applied moments on the stiffness of the

element in different directions.

b) The way that twisting moments are resisted

by the composite.

Lenschow and Sozen [29 have, by assuming that bars
retain their original directions and are only subjected to
axial forces concluded that the stiffness of an isotropic
element varies by a factor of approximately two when the
mesh is orientated through 45° to the principal moment
direction. This however is said to be only true in a
cracked section. In the uncracked state they assume that
the orientation of the mesh has little effect on the stiffness
of the element. The fact that the inclusion of reinforcement
bars, particularly in thecase of slabs in which p # 1, will
form an anisotropic composite with the concrete matrix leading
to different elastic properties in different directions in
the uncracked state is not taken into account.

In the case of torsional moment resistance, Lenschow
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and Sozenlgglhave assumed that horizontal stresses in the
concrete compression zone and equal and opposite forces in
the tensile zone act as a resisting couple to the torsional
moment on a crack or yield line. Because they have still
retained the assumption that reinforcement bars are in pure
axial tension it is stated that a torsional moment cannot
exist on a crack or yield line in an isotropic slab as the
components of force along the crack from each layer of
bars will algebraically sum to zero. Because the shearing
dtiffness and bending stiffness of a reinforcement bar is
not insignificant in relatdon to the enhancement of
moment capacity of 157 which other authors have sta,i:edE'z"')'?—-I
it must be assumed that the bar is capable of withstanding
shearing forces in both the cracked and uncracked ranges,
a fact made use of by Princelgﬂ. Hence the resultant force
acting on an uncracked section in the tensile zone will be made
up of components from the concrete matrix, the axial force
in the bars and the shear forces on the bars. Along a crack
the component of force from the matrix is zero leaving only
the contributions from the steel and the small tensile concrete
zone adjacent to the neutral axis.

The component of the torsional resisting force in the
tensile zone due to the shearing resistance of the reinforcement
iq often referred to in other contexts and is known to play

a significant part in the resisting of applied forces. For
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instance Gesund and Boston Eﬂ as a conclusion to their work
on longditudinally reinforced concrete beams subjected to
combined torsion and bending state 'If there is no transverse
reinforcement, the dowel action of the longditudinal
reinforcement is of paramount importance in resisting the
torsion'. The dowel action referred to is a common reference
to the shearing resistance of reinforcing bars.

Further evidence of the anomolies that exist in
relation to the shearing resistance or dowel action of
intrusions in a matrix can be seen by comparing work dome in
the field of reinforced concrete with work done in relation
to fibre reinforced metals.

It has always been the traditional approach in
yield line theory to assume that the principal stress
directions coincide with the bar directions in orthogonal
meshes. This of course follows from the assumption that
the reinforcing bar has no shearing stiffness and therefore
cannot withstand shearing forces. Thus Johansens yield
criterion does not include a term describing the twisting
resistance in the bar directions in the expression relating
the plastic moments of resistance in the bar directions to
the moment of resistance in any other direction as in
equation (2.14). Only Prince Bﬂ has not followed this
assumption but replaces it with the assumption that the

principal strain direction lies normal to a crack as described
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in Chapter 2.

In contrast to the above approach, work carried out
in the field of fibre reinforced metals in which tensile
specimens with varying angles of unidirectional fibres
embedded in a metal matrix suggests that the principal stress
directions are not in the fibre directions. Jackson and
Cratchley [3@ assumed that the principal stress direction
was in the direction of the tensile load as in a standard
tensile test on a symmetrical isotropic material. This of
course implied that shear stresses existed in the directions
of the fibres. However they report that when self-aligning
grips were used severe buckling of the specimen occurred
and further tests were carried out with wedge grips running
inside aligned guides. Thus it is apparent that although
the principal strain directions eoincided with the load
direction there was no guarantee that the principal stress
directions also corresponded with these directions as transverse
shear stresses could have been set up in the specimen by the
transverse reactions from the guides. Indeed in an anisotropic
material the principhl stress and principal strain directions
will not coincide E’?]. It is then unlikely that either
assumption is correct for on the one hand the reinforcing
bars do have shear stiffness and on the other the principal

strain and stress directions do not coincide.
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3.3.1 Zero load to the load at which cracking occurs

In the load range before cracking of the tensile concrete
matrix the composite is a continuous system and the stress
and strain state at all points in the element may be said to
be a continuous function of position. As the load increases
the stress or strain state in the composite approaches a
critical value at which the concrete matrix fails. As
mentioned before there is no reason for the principal stress
and strain directions to coincide in the anisotropic composite
and thus the type of failure criterion applied to the
tensile concrete matrix is important. Research carried out
on tensile concrete failures[}é]suggests that the criterion
of failure should be one of maximum tensile strain.

In a completely unrestrained slab element, analagous
to the standard mathematical model of a plate, the stress
system imposed on the anisotropically reinforced composite
by the applied moments and twists will result in a strain
distribution in the element obeying the compatability of
strains condition and of course the directionally varying
elastic properties imposed by the positioning of the
reinforcing mesh in the matrix. Any deformational restraints
on the slab element can be taken into account so that it is
possible for the direction of maximum tensile strain and
thus the direction of cracking to be forecast.

Within the stress field covering the strain
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distribution leading to failure an important factor will be
the stress field due to the self-weight moment distribution
of the slab element. Although it is normally assumed that
the self-weight of the slab has no significant effect on the
failure load because of the small percentage moment field
that it creates the same assumption cannot be made at the
low loads occurring at cracking. Thus the stress field

due to the self-weight of the slab element superimposed
onto the steess field due to the actual loading will be

a significant factor in the distribution of strain in this
load range and will consequently effect the direction of
cracking.

3.3.2 Cracking load to the load at which the

first layer of bars yield

Once cracking has taken place in the matrix the composite
is no longer a continuous system and discontinuities in the
stress and strain functions will exist at the matrix failure
points. As many authors have pointed out with particular
reference to beams the stress in the steel bars between cracks
will be less than the stress in the bars at cracks due to
the contribution of the still intact concrete matrix. Thus
it would appear that the cracks or matrix failure lines
become critical secgions. However the behaviour of the intact

matrix must not be ignored.

Once cracking has taken place a more complex distribution
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of anisotropic properties exists. The uncracked bands of
composite retain the same elastic properties that were present
before cracking however these bands are separated effectively
by thin lines of another composite in which the elastic
properties of the matrix are all zero i.e. the bars in an air
matrix. The cracked composite can therefore be represented
by a model similar to Fig 3.1 in which areas marked A
correspond to a concrete - reinforcement composite which
retains the anisotropic elastic properties present before
cracking and very narrow areas marked B (scale exaggerated)
corresponding to an air - reinforcement composite with new
anisofropic elastic properties.

Thus if the anisotropic elastic properties of a
general composite including cylindrical inclusions were to
be formulated taking into account the shearing stiffness of
those intrusions the substitution of the appropriate elastic
properties of both concrete and air (which would of course be
zero) into the general expressions would yield the respective
properties of the concrete - reinforcement and air - reinforcement
composites. Thus the properties of zone A and B would be
known in any direction and an analysis made of the whole
system under stress.

Because of the varying properties of two composites
A and B and because of the influence of the self-weight moment

on the direction of the principal moment field the principal
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FIG 3-1 BANDED COMPOSITE |
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strain direction cannot be assumed to remain in the direction
of the cracks. Hence shear strains will exist in both
composites in the crack directions and a maximum tensile strain
direction will exist at an angle to the crack directions.

Hence as the appjied moment field is increased
within this range maximum tensile strains are being set up in
the concrete matrix at a varying angle to the crack direction.
Once this strain has reached the critical value for a
given direction new cracks will form at an angle to the
original crack directions consequently changing the model
of Fig 3.1 into a more complex form. Lenschow and Sozen EX]
have reported this reorientation of cracks in their research
work.

Many authors have mentioned the effect of local
crushing of the concrete around the bars due to the
resulting force along the crack. If such crushing should take
place in any load range the anisotropic properties of the
bars across the crack will change consequently causing a
different mode of failure.

At some stage in the load range the combination of
shear stress and axial stress on the bars in the cracked
section will combine to cause yield of the steel. The
criterion for yield of the steel bars will be that of
Von Mises or Tresca as defined in Chapter 2 and thus the

direction of plastic flow will not occur in the bar direction.
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This critical state will generally occur in only one set of
bars initially and thus the yield line will be in a state
of elastically restrained plastic flow or an elasto-plastic
state.

3.3.3 load at yield of first set of bars

to load at yield of second set of bars

This elasto-plastic range will continue until the
stress in the second set of bars reaches the critical point
dictated by the yield criterion for the steel. At this
point plastic flow will occur in the second set of bars
and the resultant direction of these plastic flows will
become the principal strain direction.

It has been assumed in the theoretical models
discussed that the cracks form straight lines across
an element acted upon by uniformly distributed moments
and that the crack width was a constant at any given load
for both sets of bars. Although both assumptions seem fair
in the elastic range once first yield has taken place a
completely new material exists within the cracks (Zone B,

Fig 3.1) Because of these new non-elastic properties

cracking could form in the composite in a direction influenced
by the first yielding causing new modes of failure to occur.
Again it should be possible to reanalyse the problem from the

moment at first yield using new properties for the composites.
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3.3.4 load at second layer yield to failure

Once the second layer of bars has yielded the composite
in the cracks has no elastic properties and yield should take
place in the direction of resultant plaetic flow. This
direction can of course vary if the directions of the
principal applied moments, under the influence of the
selftweight moments, are still varying. The stress state
in the réinforcenent bars will alter and the stress point
on the yield function move so that the normal to the curve
corresponding to the principal plastic flow direction will
change in orientation with respect to the principal moment
directions (see Chapter 2). Plastic flow will continue
until the stress state in the isotropic compression
concrete reaches the critical value of strain resulting
in crushing and consequent failure of the whole element.

3.4 Conélusions

——

Because of the complete change in properties
throughout the element at cracking an important factor
influencing consequent behaviour of the composite is the
orientation of the concrete matrix failure lines. Because
of the change in properties described in 3.3.2 subsequent
loading of the element will result in reorientation of the
principal strain direction possibly leading to further
cracking in a new direction at later load values. In
addition the effect of the moment due to the self-weight of

the slab will become less significant as loading is increased
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resulting in a reorientation of the principal moment
directions and subsequent redistribution of the stress field
throughout the element.

The theoretical mddel of the slab element is
therefore a continuously changing one af each critical
stage. Once the properties of the element have changed
due to concretecracking or reinforcement yielding the
model becomes increasingly more complex. Thus from the
uncracked state in which the anisotropic elastic properties
of the composite eontrol the load~deformation characteristics
of the element to the point at which failure of the
compression concrete occurs the model passes through several
stages of development but can, at least up to first yield,
be represented by areas obeying strain compatibility conditions
but having different anisotropic properties.

Furthermore, up to the present, work in relation
to the failure theory of reinforced concrete slabs has
assumed that only one yield criterion is obeyed irrespective
of any other variables such as the angle between bar
direction and principal moment direction. This contrasts
directly with the approach taken by workers in the field
of fibre reinforced metals ES’ 39] where three types of
failure criterion make up the overall expression depending
on the orientation of the fibres relative to the principal
stress direction. Although other failure criteria in reinforced

concrete slabs will not be of the same form as those in fibre-
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reinforced metals it must be kept in mind that the yield
criterion may vary relative to some other variables.

The experimental work carried out and described in
later chapters shows that the observations made here have a
definite substance and that a more detailed theoretical model

is required to describe the slabs behaviour thoroughly.
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CHAPTER 4

DESCRIPTION OF EXPERIMENTAL METHODS.

4.1 Introductory Remarks

Two separate series of tests were carried out and
are referred to as

1) Plank tests in which the slab elements were

subjected to uniaxial moment.

2) General Moment tests, in which slab elements

were tested under combined bending and torsional

moments.

As this investigation was concerned only with the
behaviour of reinforced concrete elements subjected to pure
moments other generalized stresses had to be removed from the
systems. In other words the slab elements had to be tested
in such a way that

a) Transverse shear forces
and b) Membrane forces
did not exist in the test area and did not therefore influenge
the behaviour of the slab element under load.

Sections 4.3.2 and 4.4.2 describe how releases were
made in the loading system so that membrane forces were
excluded and how loads were applied in such a way that
transverse shear forces were zero in the critical areas.

The principal differences in the two test series
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occur by virtue of the number of degrees of restraint against
deflexion, curvature and strain existing in the testing
arrangements used in either series. It will be seen that in
the Plank test series principal curvatures are forced to
occur at right angles to the span because of the rigid
boundary conditions imposed on the element. (In fact this did
not occur in all cases and will be described in detail in
Chapter 6). In the General Moment series far greater freedom
of deformation was allowed. The only restrictions being that
curvatures in one direction were zero and deformations were
made symmetrical about the centre line in the span direction.
These restrictions are described in detail in 4.3.2 and
4.4.2 and are referred to elseghere in the text.

The main variables controlled in both series of
tests were

a) the angle, B, between the reinforcement
mesh and the span or X - direction.
and b) the 'degree of orthotropy', n which here refers
to the ratio of ultimate moments of resistance in the bar
directions and will always lie within the range.
-l<uc<i

Other variables such as concrete strength and steel
strength were held constant for the most part throughout both
series of tests. These common and relatively constant

material properties will be described first and will apply to
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all test specimens. It should be noted that all test specimens
were singularly reinforced and that reinforcement layers were
always orthogonal.

4.2 Materials in both test series

4-2-1 Cemnt

Ordinary Portland Cement produced by the Blue Circle
Group was used in all test specimens.

4.2.2 Aggregates

Zone III sand and 3/8 in. crushed gravel supplied
by the Midland Gravel Co.Ltd. from pits in the Birmingham area
was used in all specimens. Sieve Analyses of both the sand
and the crushed gravel are'presented in Table 4.1 and 4.2
respectively.

4.2.3. Concrete Mixes

Trial mixes were used to produce a concrete mix with
a seven day cube strength of about 6000 p.s.i. The dzy
weight proportions of cement, sand and crushed gravel and the
water/cement ratio used in all specimens are 1 ¢ 2 ¢ 4 and
0.5 respectively. Fluctuations in properties (Tables 4.3
and 4.4)are believed to have been due to variations in the
quality of cement supplied during the fifteen months in
which testing was carried out.

4.2.4 Concrete Control Specimens

With each mixing a set of concrete control specimens

was cast. This set of control specimens considted of



Sieve Size or No %
Retained 3/16in. 4.61
Retained 7 7.39
Retained 14 6.08
Retained 25 8.92
Retained 52 44 .8
Retained 100 22.8
Passing 100 315 |

TABLE 4.1

Sieve analysis of Zone III sand

Sieve Size Z
Retained 3/8 in. 2.24
Retained 3/16 in. 81.89
Passing 3/16in. 15.92

TABLE 4.2

Sieve analysis of 3/8in. crushed gravel
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a) Three 4in. cubes

b) Three 20in. x 4in. x 4in. prisms

c) Omne 1l2in. x 6in. cylinder.

In the case of plank tests, one set of control specimens
was cast with every two test specimens as it was possible to
cast both specimens from the same mix and also test them both
on the same day. In the case of General Moment tests one set
of control specimens was cast with each test specimen from the
same mix.

Compressive strengths were determined by testing
the 4in. cubes and averaging the three results. The Modulus
of Rupture was obtained in a similar way by the standard flexure
test on the prisms. The elastic modulus was taken as the tangent
modulus at zero stress and strain as the stress-strain
characteristics were linear up to considerable strain values.
The value of this modulus was found by testing the cylinder
which had been capped with a cement paste soon after
casting. Strains were measured by two diametrically opposed
Tinsley electrical resistance wire gauges, type 7A. Readings
from these gauges being recorded on a Peekel B 103 U strain
recorder. In all other respects the control tests were
carried out in compliance with the instructions set out in
B.5.1881 for the testing of concrete. Loading was applied by
means of a 120 ton capacity Denison compression testing machine.

Table 4.3 and 4.4 lists the compressive strengths and



Nominal p values, B values and Concrete Properties = Plank

Test Series

Plank -Noﬁ |Comp.Strength |Mod.of

No. u B u 1§/in2 Rup. fp lb/in2
P1 1.0 0° 9007 855
P2 1.0 30° 9007 855
P3 1.0 45° 7042 745
P4 0 0° 9431 755
P5 0 30° 6767 1075
P6 0 45° 7737 925
P7 0 60° 6767 1075
P8 0.25 0° 8736 1010
P9 0.25 30° 8601 870
P10 0.25 45° 8601 870
P11 0.25 60° 9431 755
P12 0.25 90° 8736 1010
P13 0.5 0° 7042 745
P14 0.5 30° 6897 745
P15 0.5 45° 6897 745
P16 0.5 60° 8167 890
P17 0.5 90° 8167 890

TABLE 4.3




Nom ?a Comp. Mod. of
No u 8 in Strength Rup. fp
u 16/in | 18/in?
TB1 1.0 00 3.0 | 10864 1230
TB2 1.0 30° 3.0 5964 1065
TB3 1.0 45° 3.0 8134 1020
TB4 1.0 0° [11.25 | 8591 785
TB5 1.0 30°  |11.25 | 7112 830
TB6 1.0 45°  |11.25 | 7705 870
TB7 1.0 0° {17.5 8139 885
TBS 1.0 30°  |17.5 6907 810
TB9 1.0 45°  |17.5 6389 645
TB10 0.5 0° 3.0 6613 895
TB11 0.5 30° 3.0 6617 925
TB12 0.5 45° 3.0 7313 860
TB13 0.5 60° 3.0 6085 765
TBl4 0.5 90° 3.0 6701 840
TB15 0.5 o° [11.25 | 7807 840
TB16 0.5 30° {11.25 | 6300 785
TBL7 0.5 45°  |11.25 | 6356 615
TB18 0.5 60° [11.25 | 6533 965
TB19 0.5 90° [11.25 | 6678 880
TB20 0.5 0° |17.5 7037 980
TB21 0.5 30° |17.5 6739 895
TB22 0.5 45°  |17.5 7327 730
TB23 0.5 60° |17.5 7033 840
TB24 0.5 90° |17.5 6963 630
TB25 0.5 135° 3.0 4872 645
TB26 0.5 135°  |11.25 | 4662 710
TB27 0.5 135°  |17.5 5409 615
TB28 1.0 67.5° | 3.0 4709 765
TB29 1.0 67.5° [11.25 | 3435 660
TB30 1.0 67.5° |17.5 2450 588
TB31 1.0 o° |17.5 5292 840

TABLE 4.4

Nominal py values, B values, Ta values and Concrete Properties

General Moment Series




93.

modulii of rupture obtained from the control tests associated
with eachtest specimen, results for Plank test specimens being
presented in Table 4.3 and results for General Moment test
specimens being presented in Table 4.4 E- values were found

to be almost constant in all tests at a value of 4.2x1031b/sq.m.

4.2.5 Reinforcement

Two types of reinforcement were used. In most
specimens the reinforcement mesh was made up of 3/8 in mild
steel reinforcing rod supplied by G.K.N. Tensile test results
on specimens supplied by the manufacturers indicated that
elastic and plastic characteristics were favourable to the
requirements of the investigation. A fairly sharp yield
point and little strain hardening during yield were the
principal properties influencing its choice. All the 3/8 in.
mild steel rod was supplied in one delivery in twenty foot
lengths cut from the same reel. Thirty six tensile tests were
carried out on random samples of the steel in a Demnnison
Universal Testing machine. In twenty four of the tests strains
were measured by means of a Lyndly dial strain gauge with 2in.
gauge length. In the remaining twelve tests stress - strain
plots were obtained using a Baldwin automatic strain recorder.
The relative mechanical properties such as Youngs Modulus,
yield stress and yield strain were found to be consistent enough
to enable an averaging of results to be carried out. These

are summarised in Table 4.5.



Youngs Yield Yield
Modulus Stress, oo | Strain
1b/in2 lb/inz Microstrains
29.53106 40550 1370

TABLE 4.5

Steel properties - 3" diameter mild steel

Youngs Yield Yield
Hodulug Stress, oo | Strain
16/ in% | 16/in? Microstrains
39x10° 51530 1325

TABLE 4.6

Steel properties = annealed }" diameter mild steel
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In the case of slabs in the Plank Test series, P8 - P12,
it was found that the use of 3/8in. mild steel in the upper
layer would result in excessive spacings between bars occurring
if the required 'degree of orthotropy' of 0.25 was to be
achieved. A steel with a lower yield load was needed to
limit the spacing in the upper layer. It was found that
specimens of 1/4in mild steel supplied by G.K.N. had a yield
strength close to that required to achieve a practical bar spacing.
However this steel exhibited considerable strain hardening
properties immediately after yield and it was decided that
the annealing of a quantity of 1/4 in. mild steel bard would
produce the necessary adjustment in properties. After annealing f
tests had been carried out in the Department of Metallurgy
at the University of Aston it was found that annealing at
600°C for one hour with air cooling after heating produced the
required properties. The British Heat Treatment (Deritend) Co
of Birmingham carried out the annealing on the necessary
quantity. The results of tension tests on this annealed
1/4 in. mild steel are presented in Table 4.6. Typical stress-—
strain curves for both the 3/8 in. mild steel and the 1/4 in.
annealed steel are drawn in Fig 4.1l.

4.3. Experimental methods used in Plank test series

4.3.1 Description of specimens

In all, seventeen specimens were tested in this series.

Each slab bears a reference mark P. followed by the number of
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the specimen i.e. between one and seventeen. All slabs measured
38in x 30in. the uniaxial moment being applied across the
shorter side. Thickness varied very slightly but averaged

3.003 in. which was very close to the nominal thickness of 3 in.
Thicknesses were measured by means of a micrometer screw gauge
set at the open end of a fork made up of light hollow section.
The thickness is a critical factor in determining the ultimate
moments of the slabs as listed in Table 6.1 for each plank
specimen. The values used were the average of values obtained
at twelve points in the test area.

The 'degree of orthotropy' was controlled by the
spacing of the reinforcement bars. The bottom layer, which
had a concrete cover to the bottom, tensile surface of 1/2in
was made up of 3/8 in. mild steel bars at 3in. centres in all
specimens. The top layer however had variable spacing
according to the degree of orthotropy required. This layer
also consisted of 3/8 in.mild steel bars in all slabs
except P 8 - P12 where annealed 1/4 in. mild steel bars were
used. In slabs Pl - P3 the top layer spacing was 2.5 in.
These slabs had a nominal 'degree of orthotropy' of u equal
to one and the bar spacing was calculated assuming a slab
thickness of 3in a cover of 1/2in and a concrete strength
of 6000 p.s.i. Because of the lower effective depth of the
top layer of steel, which lay directly on top of the bottom

layer and was in all specimens orthogonal to it, it was
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necessary to reduce the spacing of the bars to compensate
for the reduction in lever arm.

In all slabs whatever the nominal value of u, allowance
was made for this reduced effective depth of the upper layer
of reinforcement. Because slab thicknesses and concrete
strengths varied however, the degree of orthotropy also
varied from the nominal figure. Slabs P4 - P7 were reinforced
only by the bottom layer thus having a value of p equal to
zero. Slabs P8 = P12 had a top steel layer consisting of
annealed 1/4 in. mild steel bars at a spacing of 5.25 in
between centres giving a nominal p value of 0.25. Slabs
P13 - P17 had a top layer spacing of 4.625 in. between centres
~of the 3/8 in. mild steel bars giving a nominal p value
of 0.5, The nominal py values for each specimen are also
indicated in Tabel 4.3 for reference. The actual values are
presented later (see Chapter 6 Table 6.1)

Table 4.3 also shows the angle at which the reinforcement
mesh was layed relative to the londitudinal axis of the slab
element. These ahgles, B refer to the angle between the
bottom layer of reinforcement and the X - direction
(longditudinal) as shown in Fig 4.2. This figure shows a plan
view from above the slab i.e. from compression to tension face,
-and shows how, during construction of the mesh bars always
generated from the same corners A and B of the slab in every

specimen. After setting these two reference bars, one in the
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top and one in the bottom layer, the rest of the mesh was

made up by wiring together upper and lower layers at the

given spacing with the aid of wooden spacing blocks. All

bars were hooked at each end before wiring into the mesh.

The hooks were formed in such a way as to give 3/8 in. cover

to the top face and extended 5in. into the corpression face.

Typical made up meshes ready for casting are shown in Plate 4.l.
Casting was carried out on a variable speed vibrating

table after the concrete had been mixed in a mixer of the

non-tilting drum type manufactured by Liner Concrete Machinery

Co.Ltd. The 1/2in. cover to the bottom steel was miintained

by affixing 1/2in cortar spacing blocks to the lower reinforcement

layer. Curing of the slabs was carried out in a controlled

humidity curing room, the specimens being stripped of their

sides after tw days. The plywood moulds were inspected

frequently for wear and parts replaced if necessary. The

base of the moulds consisted of 1.1/2in. plywood and care

vas taken to support the underside adequately during casting

and curing to avoid sagging and subsequent malformation

of the specicens.

4.3.2 Test set-up

Tests wvere carried out within a large permanent
Portal testing rig. The rig vas constructed from I-sections
In such a vay that a 6in. space existed between the two I-

$¢ctions making up the base. The total width of the base was
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2ft. and therefore it was necessary to support the shorter edges
of the slab elements on suitably stiffened I-sections placed
transversely to the length of the portal frame. These 6in x
6in I-sections were stiffened to give a solid base for the

1/2 in. diameter rollers which rested directly on the upper
face of the transverse I-sections. One roller was fixed in
position with wedges, the other allowed to roll, so preventing
membrane forces from being present in the specimen. The
rollers were 3lin. long thus allowing a little overlap at

each side of the slab. Metal strips 3lin. x 1 in. x 1/2in. were
fixed transversely to the under side of the specimen 1 in. in
from either end of the slab. These strips rested on top of

the rollers giving a total space of 36in. to the slab element.
Loads were applied to the upper surface in the form of two line
loads plastered transversely onto the upper surface 6 in. to
either side of the slab centre line. The line loads were
transmitted to the slab by two 3in. square rectangular hollow
sections with a length of 3lin. A metal strip 3lin. x

lin. x 1/2 in. was welded onto one face at the hollow section
and was plastered onto the slab surface thus gibing an even
distribution of load across the slab and over an area of

30in. x lin. On top of each hollow section a 4in. x 4in.

x 1/2in. was placed so that it lay centrally with respect

to the longditudinal or span direction of the specimen add

with respect to the hollow section itself. A ‘4in. x lin.
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diameter roller was placed in the centre of each of these
plates which distributed load from the rollers to the
rectangular hollow section without the upper face yielding
locally under load. Again one roller was fixed and the
other free to move. A rectangular hollow section 1l4in. x
3in. x 3in. was placed centrally and longditudinally on top
of these rollers and a 4in. x 4in. x 2in. metal block with
a ball recess in its upper face was placed centrally on to it.
Al in, diameter hardened steel ball was placed into this recess
and a 10 ton capacity proving ring with a similar ball recess
in its base was placed on it vertically. A vertically aligned,
centrally positioned, 10 ton capacity, long travel jack aated
on the upper block of the proving ring and was operated by a
hand pump system.

When each specimen was set up the jack, which had
been initially checked for vertical alignment, was left
in position and the slab centred around it. Any slight
warp of the ppecimen which may have occurred during curing
was taken up by careful levelling of the specimen whilst
plastering the metal strips on to the base.

The test set up is shown in detail in Fig 4.3 and
Plate 4.2. It can be seen that a maximum moment was produced
by the loading system across the central 12in. of the slab.
Consequently the transverse shear force was zero within this

area.



PLATE 4.2
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4.3.3 Instrumentation

a) Steel Strains

Steel strains were measured by placing electrical
resistance f@il strain gauges on the reinforcing bars within the
area under maximum moment which lay between the two line loads.
Normally two bars in each layer were instrumented in this
way with two gauges on each bar making a total of eight
gauges in all. The gauges used were Budd Metal Film gauges,
type c6 = 121 which had a nominal gauge length of 1/8in.

Al though Lenschow and Sozen kg found that the ¢6 - 121 did
not behavé well at strains close to yield it was thought that
this may have been due to the fact that Eastman 910 cement
was used to adhere the gauges to the bars. The gauge
manufacturers promised a strain of up to 4 or 5% for

c6 = 121 gauges if surface preparation was correct and Budd
G.A.2 strain gauge cement was used for bonding the gauge

to the reinforcement. Consequently the manufacturers specifications
were followed closely, special care being taken to sand the
metal bright with wet and dry paper and to degrease and
neutralize the surface with Triclorethylene and 107 dilute
Ammonia solution respectively. Initial difficulty was found
in ensuring that the gauge, which was set in the direction

of the reinforcement, foldowed the relatively high transverse
curvature of the bar. After afixing the gauge with the aid

of a cellotape strip wooden formers were screwed into place around
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the gauge so that a uniform pressure was applied to it.

Gréased paper was inserted between the mould and the gauge

to ensure that the two did not become bonded together. This
method was found to be tedious however and equally satisfactory
results were produced by applying a second cellotape strip
around the bar and gauge in such a way that about 15 p.s.i.
pressure was exerted on the gauge.

The gauges were positioned on the top side of the
lower layer of bars and on the bottom side of the upper layer
so that strains were measured at the same level below the
upper concrete surface. The gauge positions for each individual
test are described in Chapter 5. Plate 4.3 shows close up
shots of gauges fixed to reinforcement in one of the specimens.
After the gauges had been fixed to the bars the cement was
cured under infra-red radiation for about 8 hours, after which
time the cellotape strips were peeled off leaving the
gauges exposed. Five electrical wires from a 25 - wire core
manufactured by Radiospares Ltd was soldered to the exposed
tabs of the gauges, the wires being led across the top of the
reinforcement mesh to the side of the specimen. The gauges
were then waterproofed using a mixture comprising of an
epoxy resin (Shell Epikote 825) a plasticiser (Thiokol L.P. 33)
and a hardener (Shell Epicure R.T.U) in the proportions of
5 :2:1byvolume., This compound was cured for about 3 hours

under infra-red lights. It was found that three applications
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were required to give satisfactory results. On several specimens
towards the end of the test series a synthetic rubber coating
compound 'Gagekote##Z' was substituted for the three part
compound and although results were as satisfactor} only one

or two coats were needed of the two part compound and

application was thus facilitated.

Gauge positions and respective coloured wires were
noted before casting, so that connection to the strain recorder
could be carried out easily. The same strain recorder was used
to measure steel strains and concrete strains and will be
described in the next section 4.3.3 (b).

b) Concrete Strains

Al though, due to the restraints placed on curvature by
the test setup, the principal directions should have been
predetermined it was thought necessary to check this assumption
by using strain gauge rosettes on the upper concrete compression
surface. It was decided that in view of the large number of
rosettes needed for all specimens in both test series, a 45°
rosette would be made up using carefully aligned individual
strain gauges. It had been found that good results can be
obtained for concrete strains by using electrical resistance
wire gauges manufactured by H. Tinsley and Co.Ltd. Type 6E
with a nominal gauge length of 16 mm. and width of 2.5mm.

In all tests in this series the gauges were placed

in the same position on the slab surface. Three 45° rosettes
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were made up of nine gauges of the above type as shown in
Fig 4.4 and plate 4.4. One rosette was placed at the
centre of the slab the other two rosettes being placed anti-
symmetrically about the centre in such a way that they lay 1.25
in along the longditudinal axis and 4.5 in transversely from it.
In this way a check was introduced on the strain distribution
within the nearly constant moment area between the line loads.
The rosette positions were sanded to remove any bad
surface characteristics and carefully marked. F.88 dental
cement manufactured by Tridox Products, Philadelphia, U.S.A.
was used to fix the gauges to the concrete surface. This
quick drying cement has been found to be particularly successful
when used in conjunction with the Tinsley felt-backed wire
gauges used throughout this investigation. The same type
of wire used with the strain gauges on the reinforcement was
soldered to the tabs of the strain gauges on the concrete
compression surface.
All wires, from gauges on both steel and concrete,
were led to an extemsion box type 48U designed to be used
in conjunction with the Peekel B 103 U strain recorder which
automatically converts resistance changes into microstrains.
Although this model does not automatically scan the strain
readings it does have the advantage that only one dummy
gauge is needed to complete the Wheatstone circuit for every

24 active gauges employed. A dummy block was formed from a
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24in. X 4in. x 4in. prism cast from the first concrete mix
and used subsequently throughout the test series. A short
length of 3/8 in. reinforcement bar with a c6 = 121 gauge

" adequately waterproufed was cast into the prism and a

Tinsley 6E gauge afixed to the concrete surface. These two
gauges acted as the central dummy gauges for the two
different sets of strain gauges, the dummy block being placed
close to the specimens during test so that temperature
compensation was adequate. The leads joining the dummy
gauges to the extension box were of the same length as

those connecting the'active gauges to it so that no inaccuracies
developed through electrical imbalance.

c) Mechanical dial gauges

Batty 2in. travel dial gauges were used to measure
the deflexions of selected points on the bottom surface of the
slab. The gauges were supported on adjustable stands set
onto a solid, prepared base in between the I - sections making
up the lower member of the permanent portal testing rig so
that the gauges could be reset when deflexions exceeded 2in.
Five dial gauges were set onto points on the longditudinal
axis of the slab, so that the deflexions at the centre of
the slab and at two points 6 in. and 12 in. either side of
the centre could be measured. In addition the deflexions at
the edges of the slab were measured by two gauges, one on

either side of the slab and directly under each line load
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i.e. 6in. from the centre. The gauge positions, which were
the same for all slabs, are shown diagrammatically in Fig
4.5,

Curvatures in the X - direction or span direction
were obtained from these deflexions at points, 2, 3 and 4.
It was also possible to check the curvature at point 3 in the
T direction as defined in Fig 4.5.

d) Load Measurement

Loads were measured by means of a ten ton capacity
proving ring set up as described in section 4.3.2. The
proving ring was calibrated in the Denison Universal testing
machine before any tests were carried out and checks were
carried out by recalibrating twice during the course of the
test series. The proving ring factor was found to be the same
in all calibration tests and was taken to be 0.0081 tons per
division on the dial gauge in all subsequent calculations
of load and moment.

4.b. Experimental methods used in General moment tests

Although basic size differences exist between slab
elements in this series and slab elements in the previously
described plank test series many of the methods, particularly
instrumentational methods, are very similar and will not be
described in the same detail as before. For completeness
however the same format will be followed as that used in

section 4.3 and reference will be made to that section when
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appropriate.

4.4.1. Description of specimens.

Thirty one specimens were tested in this series, one
being a repeat test. The reference mark used in this series
was T.B. followed by the number of the specimen i.e. between
one and thirty one. All slabs measured 36in. x 36in. x 3in.
nominally. The thicknesses were measured using the same
micrometer - fork methad employed in the plank series and
descFibed in 4.3.1. The average thickness was 2,97 in.
and the actual average thicknesses of each specimen were
used in the calculations of ultimate moment presented in
Table 7.1. The values again used being the average of values
at twelve points in the test area.

The ' degree of orthotropy' u was controlled in
the same way as described in 5.3.1 although in this case only
nominal values of 1.0 and 0.5 were considered. Consequently
only 3/8 in. mild steel was used in the construction of the
reinforcement mesh in all specimens. The orthogonal mesh was
made up in the same way as before, hooks being the same size
and for easy reference of bar position two orthogonal bars
generated from corners A and B as indicated in Fig 4.6 and Plate
4.5 in all specimens, the mesh being built up from these
rerference bars. All slabs were singularly reinforced with
reinforcement adjacent to the bottom face only, the concrete

cover being 1/2in. as before. Due to the mode of application
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of the bending and twisting moments to the edge of the slab
as described in 4.4.2 it was necessary to provide extra
reinforcement to the clamped edges of the slab. This consisted
of 10 U-shaped reinforcement bars laid on top of the mesh so
that the plane of the U lay in the plane of the mesh. These
extra reinforcing pieces extended from the inside of the
hooks 6in. into the slab and did not therefore fall within
the central area of the slab defined by the outer dial gauge
positions described in 4.4.3 (c). In addition to these
extra reinforcement bars which were made up of 3/8in. reinforcing
bars, 1/4 in. bars in stirrup shape were used along the
clamped edges to prevent the corners breaking off, while load
was applied. These extra reinforcing details are also shown
in Fig 4.6.

The angle B8, which the bottom layer of reinforcememt
made with the X-direction of span direction as defined in Fig 4.6
was varied as before and listed against each slab in Table
4.4, Again Fig 4.6 is a plan of the slab from above.

Casting was carried out in the same manner as that
employed in the previous section 4.3.1, the 1/2in. cover
being maintained by 1/2 in. mortar spacer blocks wired tightly
to the bottom steel layer at appropriate points. Curing
however could not be carried out in the constant humidity room
as before, due to size restrictions, consequently the slabs

were covered with a polythene covered wooden framework
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immediately after casting. Wet hessian was layed over the slab
surface after the initial set of the concrete was complete.
The sides were stripped after two days, the sacking being soaked
every day and the polythene covers being kept in position over
the slabs to prevent excess evaporation. The moulds were
of the same kind as those used in the plank test series except
for the actual dimensions of the casting area. The mould was
well supported during curing so that a plane surface developed.
The upper surface was carefully trowelled after casting so that
a smooth finish ensued.

As most specimens were tested after seven days the
slab elements were allowed to dry and were set up on the
day preceding the test.

5.4.2, Test set up

The test rig employed in this series was to be as
free from restraints as was practicable in applying a
combined bending and torsional moment to the slab element,
unlike the plank test series in which deformational or kinematic
restraints were deliberately imposed in the form of rigid
line loads and support conditions.

Complete freedom to deform whilst still applying
moments would seem practically impossible or at best highly
complex. It was decided therefore to contract certain
deformations which in the mathematical model would have non-

zero values. The system adopted prevented curvatures in the
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Y - direction as defined in Fig 4.6 by clamping two opposite
edges of the slab element into rigid channels. In this

way the bending moment and twisting moment were introduced ,
) . ot r
into the specimen. In all, a test rig was needed that would O s

a) Exclude vertical shear forces from the system.

b) Exclude membrane forces from the system.

c) Enable different combinations of bending and twisting

moments to be introduced proportionally into different

specimens.

d) Enable loading to be carried out easily and to

allow curvatures to be measured readily by means

of mechanical dial gauges.

The final test-rig satisfied these conditions and
will be described in detail below.

Testing was to be carried out in a large permanent
portal testing rig, in which the upper cross member was easily
adjustable with respect to the lower cross member, forming the
base. A support point was provided at one end by a ten
ton capacity proving ring which slotted into a locating holder
bolted onto a 16in. x 10in. x 2in. steel block; this in turn
rested on two 1/2in diameter rollers which were placed
transversely to the longditudinal I - sections making up the
base of the portal rig and prevented membrane forces building
up in the slab element. The other support point was made up

of a 2in. diameter solid steel rod, 7in. long, one end of
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which was recessed to hold a lin. diameter steel ball the
other being welded orthogonally onto a 16in. x 10in. x 2in.
steel plate. This plate was placed, with its longest side
at right angles to the portal base, onto two heavy blocks in
such a way that when a lin. diameter ball was placed into
the recess in the top plate of the proving ring the two

ball bearings were at the same height.

The ball bearings at the support points fitted into
recesses in the underside of two similar stiffened plates
1/2in. thick which tapered from 36in. wide at one end to a 4in.
radius arc at the other. The ball recess was situated at the
centre of this 4in. radius circle, the distance from the other
end of the plate to it measuring 16.3/4in. On top of and
along the 36in. edge of the plate was welded a 4in. x 4in. x
1/4in. channel which acted as a location and clamp for the
edge of the slab element. The bottom, open edge of the
channel was welded flush with the edge of the 1/2in. plate
and six holes were tapped in the upper leg of the channel
at 6in. centres. The channel - plate system was stiffened
by welding 6 lin. thick plates onto the channel and across khe
plate so that the stiffening plates were 8 in. deep at the
front edge of the channel tapering to 1/4in. at the other
edge.

Plaster of Paris was spread onto the inner walls of

the channel so that when the specially reinforced slab edge
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was located into it an even distribution of moment was ensured
along its length. Care was taken to check that the centre
of the slab and channel coincided. A 1/4in. x 3in. x 36in. plate
was introduced between the top face of the slab and the
channel and was screwed down onto the slab by hardened Allen
screws acting through the six tapped holes in the channel.
In this way the slab edge was effectively clamped against
curvature along its length. Hooks at the ends of the channels
were used to lift the slab and clamped plates onto the two
support points. The system was then centred under a previously
aligned twenty ton capacity long travel jack and was chocked
from underneath to hold it steady.

Bending and twisting moments were applied to the
slab element by a centrally positioned jack acting through
a cross-beam onto metal blocks positioned on the top of the
channels. The cross-beam was fixed rigidly to the base of the
jack and could readily be orientated at any angle to the line
between the support points i.e. the X. = direction as defined
in Fig 4.6. Thus by turning the cross-beam at an angle to
the X - direction and loading through the metal blocks onto
the channel varying twisting moments could be applied to the
edges of the slab. The bending moment in the X ~ direction
was constant across the slab and hence no vertical shear forces
existed in this direction. By placing the metal blocks, which

were recessed to receive a lin. ball between cross beam and
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block, at 17.5in. and 11.25in. either side of the slab centre
line defined as the Torsional leverarm, Ta., nominal ratios of
Mxy to M of 1.166 and 0.75 could be obtained as the distance
between the support point and the centre of the block was always
15in. measured along the X axis. Because of lack of space a
special system of loading was needed to produce a torsion arm
of 3in. This was simply produced by placing a 2.1/2in. x 2in.
x 14.1/4in. block onto two metal blocks 6in. either side of the
centre line, the loading point being provided by a ball recess
3in. from the centre on the cross block. Thus another Mxy/Mx
tatio of 0.2 was produced. A release was provided in the form
of small rollers between the cross beam and channel so that

the loading blocks did not tip as loading was applied. The
test set up can be appreciated more readily by the

diagrammatic representation in Fig 4.7 and in Plate 4.5.

It can be appreciated from Fig 4.7 and the precedipg
text that the point supports allow free rotation of the slab
element. The balls between the cross beams and loading blocks
also allow this rotational freedom without the blocks tilting
and stability being lost. The system does not allow a uniaxial
moment to be applied as this would be an inherently unstable
position. Thus slabs were tested under three combinations
of bending and torsional moment as described in Chapter 5.

The fixity between cross beam and jack head was needed to

prevent rotational instability of the whole slab system.
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Essentially then the test set up described allowed
a bending moment, M, to be applied in the X - direction and
a twisting moment My to be applied but no bending moment
My in the Y direction i.e. M, = 0. Also the curvature
in the Y - direction was restrained by the clamping system
and was equal to zero. In all other ways free deformation
of the specimen was allowed under the loading system and
the requirements mentioned earlier in this section were
met.

4.4.3 Instrumentation

a) Steel Strains

In all respects the method of application, the type
of gauge and the strain measurement technique are identical
to those described in 4.3.3. (a) for the plank test. The
positions of all gauges in each individual test are described
in Chapter 5. Gauges were however always placed on bars
within the central 18in x 18in. area of the slab which
can be described as the test area.

b) Concrete Strains

Four strain gauge rosettes were made up of Tinsley
6E electrical resistance wire gauges in the same way as that
described in 4.3.3 (b) and afixed to the upper concrete

surface. The rosette positions were disposed symmetrically
about the centre of the slab at 6in. centres as shown in

Fig 4.8. These positions were the same for all specimens

tested. The strains were thus measured in the X, Y, and S
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directions as defined in Figs 4.6 - 4.8. All details of

application, measurement etc. can be made with reference to

4.303;(1)) .

¢) Mechanical dial gauges

Curvatures were measured dndirectly by means of a grid
of 16 - 2in. travel Mercer dial gauges. The deflexions of
the bottom surface were measured by means of these gauges at
the points indicated in Fig 4.9. which is a plan viewed from
underneath the slab. The positions were symmetrically disposed
around the centre of the slab in such a way that a grid of
points at 6in. centres measured in the X and Y directions was
formed. In this way the curvatures at the inmer four dial gauge
positions could be measured in three directions and hence the
curvature in any direction could be deduced.

The dial gauges were set carefully into the required
grid positions by fixing them by means of adjustable angles
onto a framework made up of Handyangle. This framework
consisted of two square Handyangle frames positioned one on
top of the other, parallel to the initial plane of the slab.
These two frames were joined by four 1/2in. bars at their
corners in such a way that when the lower frame was positioned
on the base of the portal rig and underneath the slab element
the upper frame, carrying the gauges could be adjusted
vertically by sliding it on the 1/2in. bars. The gauges were

reset in this way when deflexions reached 2in. or a multiple
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of 2in. The upper frame also carried two cross members parallel
to the sides laying in the X - direction, to which were afixed
the inner eight dial gauges.

Dial gauge positions were marked onto the underside
of the slab element prior to setting up so that after the slab
was in position it was simple to set the dial gauge grid
underneath the slab and locate the deflexion points. The
dial gauge grid was checked for accuracy several times
during the test series.

d) Load measurement

Loads and hence moments were measured by means of
the ten ton capacity proving ring acting as one support
point as described in 4.4.2. This was the same proving
ring as that used in the plank test series and hence had a
factor of 0,008l tons per division on the dial gauge obtained
from the calibration tests described in 4.3.3.(d). In this
case of course the load measured was in half that applied
by the centrally acting jack as the system is statically
determinant.

The jack was vertically aligned and left in position
throughout the test series with checks being made on its
verticality at frequent intervals. A two - speed hand
operated hydraulic pump was used to apply load to the

specimen through the jack.
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f&g. Summary

This chapter has described the experimental details
measurement and loading systems devised to obtain objective
observations of the behaviour of reinforced concrete slab
elements under pure moment. The two separate test series
described impose certain restraints on the deformation
of the element under load. The Plank test series, which
is in effect a simple beam test imposes severe restrictions
on the freedom of deformation of the slab element by virtue
of the rigid line loading and support system. The General

moment test series allows for greater freedom of deformation,

of

only one restraint being made in the form of zero deformations

in the Y direction. Thus the two test series are treated
separately throughout this thesis although comparison can be
made by allowing for the degrees of restraint.

The results obtained from the measurements obtained

using the methods described in this chapter in each individual

test along with a description of experimental test procedure

are given in Chapter 5.
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CHAPTER 5.

TEST¢ PROCEDURE AND RESULTS FROM INDIVIDUAL TESTS

Lun
=

Introductory Remarks

The test procedures and objective results from both
test series are presented in detail. First the test procedure
and results from tests in the Plank test series are presented.
For easy reference, graphs, tables and plates describing each
specimen are presented after the description of individual
specimens,

The test procedure and results from the General
moment test series are then pregented in the second half of
this chapter. The graphs, tables and plates illustrating
each specimen's behaviour in this series are presented at
the end of the chapter.

The results described are those obtained directly
from the tests. No comparison of data.is made between

.specimens. These comparisons. are described in the following
chapters, 6 and 7.

A computer programme was written for the Elliott
805 computer at the University of Aston to convert the actual
readings of load, strain and deflexion into moments, corrected
strains (where the gauge factor differed from the gauge factor
setting on the strain recordér) and curvatures. Curvatures

were obtained from the deflexion readings by using the numerical
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approximation used in Finite difference theory. Thus

a b c

where 2 is the curvature at point b in the direction abc,
Wy W, W are the deflexions of points a, b, ¢ respectively
and h is the distance or grid size between adjacent points.
It is understood that points a, b and ¢ lie on the same
straight line. The programme also calculated principal
contrete strains and directions, concrete strains in the bar

directions, and principal curvatures and directions.

5.2, Plank Test series

5.2.1 Description of general test procedure

After the slab elements had been set up in the manner
described in Chapter 4, zero moment values were recorded for
all strains and deflexions and the proving ring dial gauge
was zeroed. lLoad increments were applied through the jack
by means of the hydraulic hand pump. In general about 15
load increments were carried out before crushing of the
concrete on the compression face occurred and the ultimate
moment was deemed to have been reached. At each load
increment all observations were taken as quickly as possible
to prevent creep effects influencing the results. After
yielding of the reinforcement however loading was controlled
by deflexion increments and care was taken to see that all

gauges were holding steady values.
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For this test series it was intended that the
principal strain directions coincided with the X and Y
directions or span direction. On the whole this is true
(an error of around 5° occurring in some cases), and
consequently it was decided to present plots of bending
moment M against both average principal concrete strains.

The values of tan 2y, which represents the angle between

the X - direction and the maximum compressive principal strain
direction, are tabulated. Plots of typical stetl strains
occurring in either direction are also presented against

the span moment Mx' the remaining steel strains being tabulated.
In the case of curvatures, the maximum curvature point has been
represented in graphical form. The scales of all graphs

have been standardised for comparison purposes except in
particular cases described later.

Comparison can bé made between graphs and tables
and reference is made to individual specimens in the
next section.

5.2.2 Description of individual plank tests and results

Specimen P1, u =1, B = 0°

This was the first specimen tested and acted as a
standard slab element as the reinforcement was placed parallel
to the sides of the slab. The reinforcement bars in both top
and bottom layers were layed symmetrically about the centre

of the specimen at the spacings appropriate to a nominal value
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of u =1 as described in Chapter 4. Consequently 10 bars
lay parallel to the span direction and 12 bars lay transversely
to it. Concrete strain gauges were placed as described
in 4.3.3 (b) curvatures measured at points described in 4.3.3 (c)
and steel strain gauges were placed at the points indicated
in Fig 5.4

&s this was the first test specimen, particularly
small load increments were applied as indicated in Fig 5.1 - 5.4
and Table 5.1. The initial test up to 48.31 ton,in was carried
out with the 4in. x lin. diameter rollers bearing directly
onto the centre of the 3in. x 3in. hollow section line loads
described in 4.3.2. At a moment of 48.31. ton.in the upper
side of the hollow section began yielding locally under the
rollers resulting in a premature discontinuation of loading.
Thus the first test was carried out on an uncracked section
and the second part of the test to failure was carried out
on a cracked section. The consequence of this is most readily
appreciated by reference to Fig 5.4 where steel strain plots
after cracking show none of the discontinuities or slope
changes associated with the first part of the test on an
uncracked specimen. First cracking was noticed visually at
about 31 ton.in. The steel strain plot in Fig 5.4 for
gauge 5 which should be the most reliable measure of cracking,
indicates cracking at around 25 ton.in by the change in its

slope. This is not surprising as the sensitive strain gauge
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should pick out cracking far more accurately than a visual
inspection.

Fig 5.1, the curvature plot shows a change in slope
at a moment of about 17.5 ton.in which corresponds with the
change in slope of the transverse steel strain gauge 2 plotted
in Fig 5.4 . The maximum value of curvature for the plotted
curvature point 4 had a value of 11.5277 in x 103 at ultimate
load.

The concrete strain plots are least affected by
cracking as shown in Fig 5.2 and Fig 5.3. The maximum
principal concrete strain at failure had a value of 3980
microstrains. It is interesting to note that a similar effect
occurred for B strains as Lenschow and Sozenr-zg noted for
transverse concrete strains in their specimen B4 which was
of a similar kind to Pl. After increasing initially the
minimum princial concrete strain maintained a nearly constant
value up to yield of the steel where upon it began to increase
as shown in Fig 5.3.

Table 5.1 give values of tan 2Y at each load increment
and shows that maximum discrepancies of about 20° occurred
at very low loads of the order of 47 of the ultimate load.
These errors which were probably due to initial settling
of the test specimen rapidly reduced to about 5° over the
greater part of the load range. It should also be noted that

of the three rosettes used in calculating the averageE 2 values
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plotted in Fig 5.3 one of the gauges indicated compressive
strains in the transverse direction rather than the tensile
strains expected and indicated in Fig 5.3 by virtue of any
Poissons ratio effect present. EAB, the shear strain in the
bar directions which should theoretically be zero because of
symmetry has an increasingly significant value as the

ultimate moment is approached. Plate 5.1 shows the crack formation
on the tension surface at ultimate load. The cracks run
generally at right angles to the span direction and are

evenly spaced over the central area of the slab at a spacing
of about 2.1/2in. The cracks in fact run along the transverse
bars which were also spaced at 2.1/2in. centres. Plate 5.2
shows the cracks on the side face at failure and the effect

of the main crack under the support on the curvature can be
seen.

Specimen P2, uy =1, B = 30°

On loading, first cracks were seen to appear at
a moment of around 10 ton.in. This value is borme out by
inspection of Fig 5.6 where the maximum princippl concrete
strain plot shows a definite change of slope at this moment
value. Fig 5.5 = 5.7 show how, after initial yield the
moment increases up to an ultimate value. Fig 5.5 showing
the moment curvature characteristic at point 2 does not
appear to have a definite change of slope at cracking and in

fact follows a curved plot up to the yield point. The
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maximum value of curvature at point 2 of 15.4166in”1x103

shows a considerable increase over the curvature at failure
of specimen Pl. Fig 5.6 showing the maximum principal
concrete strain plot indicates the increased concrete strain
at yield of 1200 microstrain over the value of 900 microstrains
in specimerd Pl, The maximum principal concrete strain at
failure was 4481 microstrains. Fig 5.7 indicates the manner
in which the transverse concrete strains appear to increase
in tension before falling back to zero at yield and finally
reaching a value of about 220 microstrains in tension. Typical
steel strain characteristics presented in Fig 5.8 show the extra
strain occurring in the main reinforcement bars during both
elastic and plastic ranges. The fact that the cracks formed
at an angle to the bar directions may explain the apparent
absence of a definite slope change at cracking and it must
be remembered that if a gauge lay between two cracks the
strains would be considerably less than if the gauge were
situated at a crack. This effect can mask yielding and
cracking phenomena to varying extents.

Table 5.2 indicates the other observations. The
error in principal strain direction is less in this case than
in P1, the maximum error being around 2.5° during most of
the test. In the bar directions the maximum shear strain EAB
of 3813.7 microstrains contrasted with the tensile shear strains

indicated in specimen Pl.
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Plate 5.3 shows the crack formation at ultimate
load. Maximum curvature occurs around the yield line passing
near point2 and it was noticed in this test that failure
occurred on one or two yield lines ratBer than on many as
in specimen Pl. This will be explained in more detail in
Chapter 6. Plate 5.4 shows all the cracks formed before
the main cracks became predominant. There is not the
same order of uniformity as occurred in specimen Pl and
spacing was generally between 3 and 3.1/2in.

Specimen P3, y =1, B = 45°

Al though direct comparisons between specimens
will be made in a later chapter (Chapter 6) it can readily
be seen from Fig 5.9 and 5.10 that curvatures and maximum
concrete strains at yield are again greater than those in
Pl and P23 signifying a lower element stiffness and thus
verifying, at least quantitatively Lenschow and Sozen'sléé]
hypothesis on the stiffness of elements with reinforcement
meshes at varying angles to the principal moment direction.
Cracking was noticed ét a moment value of about 10 ton.in
which is in agreement with the slope changes in Figs 5.9 -
5.12. Transverse concrete strains became compressive after
cracking, changing to tensile after yield as shown in Fig 5.11.
The steel strain plots in Fig 5.12 show that strains were closer
in either direction than before although the existing

discrepancy may be explained as due to the masking effects of
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the gauge positions in relation to cracks. Table 5.3 shows
that the error between assumed and actual principal strain
directions is of the order of 2° until close to ultimate
moment where it reaches 5°. The maximum principal concrete
strain at failure was 3961 microstrains. Plate 5.5 shows
that the cracks are more evenly spaced than those in P2
although it can be seen that one crack falls outside the
central maximum moment area lying between point 1 and 2.

Specimen P4, n =0 B8 =0°

P4 was the first specimen with reinforcement in
one direction only. Loading on this specimen was not carried
out upto crushing ef the concrete as the fixed roller was
becoming loose. Cracking again appears to have occurred at
a moment of 10 ton.in from Figs 5.13 and 5.14. although
visual detection was not obtained until a moment value of
about 17 ton.in, Fig 5.16 indicating the steel strain plot
shows cracking to have occurred at a moment of 12.5.ton.in.
Table 5.4 indicates that the principal strain direction was
about 5° away from the span direction and Fig 5.15 shows
that tensile strains occurred again in the transverse direction
although the E2 plot shows a gradual increase in strain with
load upto yield unlike Fig 5.3 for specimen Pl. Plate 5.6
indicates the crack formation which does not run exactly parallel
to the sides of the slab element and shows curvature to have

been concentrated on two yield lines, both starting under a
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load point.

Specimen P5, p = 0, 8 = 30°

This was the first specimen in which the degree of
orthotropy controlling the anisotropic behaviour of the element
overcame the boundary conditions imposed on the slab. As well
as the anisotropy of the element, the placing of bars at given
positions in one direction results in a section at an angle
to the transverse direction of the span in which fewer bars
are required to resist the applied moment. The slab element
therefore lifted at opposite cornmers so that a failure occurred
at an angle to the sides of the element. Plate 5.7 shows how
the main yield line crossed the constant moment area diagonally
thus minimising the number of bars resisting the applied
moment. Other cracks did form before the main crack
developed at a moment of about 10.5 ton.in. Loading was
discontinued when the twisting was noted as it was thought
that the element may have been incorrectly set up. On checking
it was found that this was not the case and the element was
reloaded to failure. Figs 5.17 - 6.20 show this loading cycle.
It should be noted however that the principal concrete strain
directions were still only about 2.1/2° from the span direction
as indicated in Table 5.5. The maximum principal concrete
strain at failure was 4815 microstrains.

Specimen P6, n =0, B = 45°

Lifting from supports at opposite corners of the element
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was again apparent but not so significant as in the previous
case. Plate 5.8 shows the main crack running tgansverse
to the span near the centre of the specimen but at an angle
near the edges. In this way some bars did not resist the
applied moment at failure. This could be described as a
bond failure at the edges and the phenomenon will be
discussed generally in Chapter 6 where allowance for such
associated discrepancied will be made.

Fig 5.21 - 5.24 shows how a low ultimate moment
was reached. Because of the localisation of curvature on one
yield line the ductility of the element is not displayed in
the Figures or tables. The crushing line in fact did not
pass through the concrete gauges and consequently the concrete
strains indicated in Fig 5.22 are very low at failure. The
maximum being only 618 microstrains. Table 5.6 does show
however that the principal strain and span direction nearly
coincide.

Specimen P7, uy =0, B = 60°

Failure was very similar to that in P5. The only
yield line passing diagonally across the uniform moment
area as shown in Plate 5.9. In thie case however only one
crack appeared, suddenly developing at a moment value of about
9 ton.in. with an associated drop in load as indicated by
Fig 5.25 - 5.28. The scales have been changed in these figures

so that a clearer plot of results ensued.
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27 S
In Mnrley's[] tests a similar phenomenon occurred
when the unidirectional steel reinforcement made a high angle

with the applied moment direction. In cases such as these

the tensile concrete has a greater strength than the V. b 4
- = e ‘ ;'. -.|I
reinforcement and thus on cracking the load drops& to the B

S

resisting capacity of the reinforcement. Again the localized
curvature prevents good results being obtained for concrete
strain or steel strain readings as Figs 5.26 - 5.28

indicate. Table 5.7 again shows however that the principal
strain directions wereclose to the span direction throughout,
the maximum principal concrete strain at failure being 1427
microstrains.

Specimen P8, u = 0.25, B = 0°

P8 was the first specimen tested, containing 1/4 in.
diameter annealed steel as described in Chapter 4. Cracking
was noticed to have occurred at a moment value of about 17 ton.in
Fig 5.29, the moment - curvature plot indicates cracking at
15 ton.in as does tﬁe steel plot in Fig 5.32. The plot of
principal concrete strains E2 in Fig 5.31 shows considerable
scatter during the elastic range but does not appear to
indicate a constant strain during this range as does Fig 5.3
for Pl. Table 5.8 again shows tan 2Y to be small. Plate 5.10
shows the crack formation at ultimate load. The spacing of cracks
is not so even or close as that in Pl but follows approximately

the transverse steel. The maximum principal concrete strain
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was 2503 microstrains at failure.

Specimen P9, u = 0.25, B = 30°

This element showed similarities to P6 where centrally
the cracks ran transversely to the span direction but were
inclined at the edges. Plate 5.11 illustrates the crack
formation. The two other predominant cracks ran approximately
parallel to the sides of the element but it can be seen that
the major yield line between point 3 and 4 exhibits the
tendency to be inclined at the edtes. Plate 5.12 shows
how one side of the crack was raised above the other side thus
making the inclined portions of the crack kinematically
admissible. Figs 5.33 - 5.35 describing the curvature and concrete
strain plots show cracking to have occurred at the moment of about
10 ton.in which is the value at which visual detection was
made. The curvature and principal concrete strain plots
in Figs 5.33 and 5.34 show low curvature and strain at
failure. The transverse concrete strains are definitely
tensile throughout as illustrated in Fig 5.35. Steel strains
plots in Fig 5.36 show the strains up to yield at the
points plotted to be close. Table 5.9 shows tan 2 y to be
small except at very low and very high moment values where
the error is of the order of 5°.

Specimen P10, u = 0.25, B = 45°

Again a tendency for the cracks to incline at the

edges was noticed and is illustrated in Plate 5.13.
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Although other cracks run parallel to the sides the
main yield exhibits the same characteristics as the main
crack in P9. Figs 5.37 and 5.38 again show iow values of
curvature and strain at the points measured when failure
occurred. Fig 5.39 however indicates high tensile values of
E2 at ultimate load., The steel strains plotted in Fig 5.40
exhibit similar characteristics in both layers but strains
after yield are extremely low and it may be supposed that
the gauges were not near the major crack area. Table 5.10
again indicates low values ofYy’.

Specimen P11, u = 0.25, B = 60°

The tendency for the yield linmes to incline at an
angle at the edges of the slab was not pronounced in this
case although as Plate 5.14 illustrates one yield line
predominated indicating a singular line of weakness. Fig
5.41 indicates the flexibility of this specimen, yielding
commencing at a curvature of about 3.5 iﬁlxlos. The
seales have been exaggerated in Figs 5.41 - 5.44 because of
the relatively low failure moment. Fig 5.41 and 5.42 show that
curvature and strain were not large at failure. The error
occurring between principal strain and span directions
was in this case larger than previously noticed, being of
the order of 5° throughout as indicated in Table 5.l1.

Specimen P12, p = 0.25, B = 90°

Only one major yield line and crack formed in this
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case between deflexion point 2 and 3 and coincided with a
transverse reinforcement bar as shown in Plate 5.15. The
ultimate moment, being about a quarter that for P8 had a
value of about 18 Ton.in and consequently the scales of
Fig 5.45 = 5.48 have been exaggerated for clarification.
Cracking occurred at a value of about 7 ton.in as indicated
in Figs 5.45, 5.46 and 5.48. Because of the highly localised
curvature at the single yield line the principal concrete
strain plot does not exhibit the usual increasing strains
after yield as shown in Fig 5.45. The steel strain plots in
Fig 5.48 show that the typical transverse steel strain had
compressive characteristics throgghout.

The error in angle tan 2 yis quite large in this
case as indicated in Table 5.12., It is difficult to
explain this occurrence but as it occurred throughout the
test it may be put down to incorrect levelling and loading
of the specimen.

o
Specimen P13, u = 0.5, B =0

Cracks were fairly straight in this specimen which
was the first of the slabs tested with y = 0.5. Bad vibration
of the concrete resulted in poor compaction around the bars
and may have led to poor bend conditions. This may be seen
in Plate 5.15. It can be seen that Fig 5.49 of the moment -
curvature plot does not show up any cracking whereas the

concrete and steel strain plots indicate cracking at about
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10 ton.in in Figs 5.50 = 5.52 respectively. The maximum curvature
and concrete strain values were 11.14ix;1x103 and 3133 microstrains
respectively. The transverse concrete strains shown in Fig 5.51
were quite large and tensile whereas the transverse steel

strains did not show great increases after yield as can be

seen in Fig 5.51. Tan 2 Yvalues in Table 5.13 were of the

order of 5°.

Specimen P14, u = 0.5, B = 30°

Cracks were not very straight in this specimen.
Plate 5.17 shows how one of the main cracks developed outside
the central moment area near deflexion point 7 and extended
into the test area on the other side of the slab. Cracking
began again at a moment value of about 10 ton.in as the
curvature, concrete and steel plots indicate in Figs 5.53 =
5.56 respectively. Steel strain plots shown in Fig 5.56
exhibit characteristics which could indicate a jump in steel
strain at cracking. Whilst the main steel strains move
along the dotted line the transverse steel strains become
compressive upto yield. Concrete strains EB in the weaker
steel direction were tensile throughout the test. Table
5.14 shows that Y was of the order of 5° for most of the
test. The maximum concrete strain was 3065 microstrains

at failure.

Specimen P15, p = 0.5, B = 45°

Cracks again did not run transversely to the span
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direction as shown in Plate 5.18. Plate 5.19 shows the
influence of shear on the cracks near the supports. Crackipg
occurred at a lower moment value than previously noted as
indicated in Figs 5.57 and 5.58. Fig 5.59 shows the large
transverse concrete strains occurring at failure. The steel
strain plots in Fig 5.60 indicate the close agreement between
each steel layer strain up to yield and the high flexibility
of the element. Table 5.15 showsY to be less than 2° for
most of the test. The maximum curvature and concrete strain
values recorded were 10.47 iﬁlxlo3 and 3834 microstrains

at failure.

Specimen P16, u = 0.5, B = 60°

The cracks were fairly straight and transverse to
the span direction as illustrated in Plate 5.20. Cracking
again occurred at about 10 ton.in Curvature, concrete
strain and steel strain plots are shown in Figs 5.61 - 5.64.
Bad scatter occurred in E2 values in Fig 5.63 and Fig 5.64
shows the steel strains in the weaker reinforcement
direction to be less than those in the main steel direction.
Y values indicated in Table 5.16 show a small error in
the elastic range increasing after yield. A maximum concrete
strain of 2519 microstrains was recorded at failure.

Specimen P17, u = 0.5, B = 90°

Cracks were straight, transverse and evenly distributed

as shown in Plate 5.21. Scatter occurred in the pre-yield



PLATE 5,2



‘I'd = 107d JAINLVYAAND - ANIW3A0W  °I°S "Oid
cOr » j U 24N4{OALND
ol 6 8 4 9 S 14 €

! | ! ! I

=

‘4SPL 40 4wod puT o
4891 30 4uod ~«S|

P LNIOd 1V 3JIANLVASND

o=¢ "1z2vw ' |d NIWIDI3LS

-]

UNTUOL XN AUIWO N




OQO¥-

Id =~ 1071d 13 NIVILS FAFFIONOD “IVAIONIAL '‘AV T'& ‘D4

SUILUHS w -~ |13 T Suitu48  94{9J0u0D
QOCE -~ Q00T - Q00| =

P =¥ "tz '1d N3WIORJS

| | | | |

483 L 49 4uod pug o
~83 1 90 Huod S| .

Q
" o
XN AUuDdwol

o)
*
‘wirwol

09




Id = T3 107d NIVELS IVdAIDONIAd AV

SUIoU4S v/ “ZT3F SWLU{S F4IIDUCD AV

€S id

OCOE + oST + 00T + oS+ 001+ os + (] oS - 00!~
| ! | | | . |
= _w -0t ~
' .
. 0
B ‘4639 +40 ._LOL PuZ o ol ~0T. =] M
{SaL 40 4vod 4Si . & 3
2
o=¢/ '1=7 "1d NI3IWID3LS : -
I ) ~og 18
l
0
3
— oY 13
» o5, -
[ TosS -
| | | | | 1




Id - 107d NIVILS T133LS VvOIidAL 'S oid
SuroJ{soID W -.mc_.nr_._w [@294S
0006  ©OO® 000L 0009 000% 000P 0oos 000Z = 000! o 000!~
[ I I _ I ! T/ _
suoiqisod 3bnoo
28
_ z
= o el 1998 — 0
Z - X R - M
T99| |
o A 3
] 1 N
. _ 78
wig " 7 g
q 3

4831 40 qued PUZ o
4521 JO 4uod 4§ .

4$3L 4o 4uod puz ¥
483L 40 4und S| v

§ quied 4o LIOU4S

T 4uwod jo uibu4S

03¢ "1z 1d N3WIDIdS

_ i |

Ul




penuIjuod 1°G 91qel

S1°0001
£€8°0€6
¢0°116
06°128
0z 26L
89°¢yL
LT°€69
96°€59
ST°%6S
£9°9%S
CE°SLY
00°90%
0Z°98¢
8L°97¢
Le°LLe
99°LE7
99*LEC
S6°L0CT
S6°L0C
%£°891
8L ETT
20°66

2€°69

989y

1L°62

06°6

00°0

8

€9°0S6
20°116
16°198
06°1¢8
6€°CLL
88° 7L
L2°€89
S6°€T9
B9 %99
£8° %S
1%°S9%
06°S1Y
02°98¢
89°9¢¢
9%*LST

§58°L1¢C

s0°861
6E° €91
%°8G1
€L°871
€9°8¢E1
€8° 811
¢i 6L
it 6L
19°6¢€
TL°62
00°0

L

LE®SBYT
S6°GTY1
E°98ET
I7°LLC1
00°81¢1
88°8C11
$8°6¢01
€8°0€6
TL°1%8
6€£°¢CLL
LEELY
S0°%09
76 %55
1%7°59%
8L°9C¢E
9Y°LST
99°LET
£8°811
20°66
I%°6S
A
¢0° 861~
LE°L9C-
LE€°L9C~
LO*L6T-
L LLi-
00°0

9

¢€°6607
6¢° 0002
9L° 1681
CE"E69T
6€°¥8ST
99°5SH1
TL°L%CT
€8°0¢6
S0*%09
EL°VES
1%°59Y
19° 6%y
19°5%%
0¢°98¢
88°91¢
9%*"LST
9%°LS¢
68°L1¢C
S0°861
%°8S1
€L°8C1
€6°801
16°6Y
19°6¢
08°61
00°0
00°0

g

j

SNIVALSOYIIN

SNIVIIS TddLS

06°S%%¢
08°SS%C
08°SS%¢

TT0Ti9ehe

62°90%C
88°9%EC
LeeLoee
#%°881¢
¢1'611¢
06°6£0C
LZ° 1061
€9°29L1
627651
%€°98¢€T1
S6°6101
Ye*yis
6€°99¢
99°LET
€8°811
2¢0°66
1%7°6S
19°6¢
00°0
06°6
06°6 -
TL 6T~
00°0

4

¢0°SEST
(A AN $ 14
16°68%¢
00°9€%¢
h°16£7
89°99¢¢
96*LL32T
€L°8G1C
16°6L0C
06°6€£0¢
LE°T68T
S1°C181
C0°€CLl
6€° %851
%G°99¢1
00° 8121
LT1° 6601
0T %19
L0°L6C
S1°881
LE*L9T~
88°91¢~-
86°90€-
65°9%E~
8L° 9Tt~
56°L0C~-
00°0

1

¢0E0* -
97¢0* -
0S€0* -
89¢€0° -
1$%0° -
£9s0° -
€650° -
96L0° -
LY60° -
6660° -
6601° -
LIt -
GHst® -
000Z° -
091¢° -
gcLe” -
LeLe® -
9¢1e" -
LESE" ~
LOogY”® -
(AA Y A
(AXA A
89s8° -
8€0° 1~
s0¢6" -
000° 1~

Az ue3

JIVIIAV

48°8€
SE°LE
98°S¢
9€* %€
L8°2€
LE° 1€
88°67
6€°8C
68°92
0%° ST
06°£2
17°22
26°0C
24 61
€6°L1
€4°91
76° 9T
Sh€1
6°11
9%°01
96°8

Ly°L

86°S

84y

66°C

67" 1

00°0

NI°NOL

X
A\



19°6L%2
G8°LYTT
8L°0G61
S1°2181
86°%2S1
TL*L%TT
%€°086
L1°€69
ce S8y
96" LYT
06°L2C1
8L°8BETIL
96°6S01

1d = surealg o235 § SUOTIV|/AT(Q Ulealg

e1°625T
Iy LLen
L2° 6801
%7°1L8
9%7°€99
08°62¥
96 LY
19°6¢
96° 6501
S0°0101
%2°066

WOTXL°T
4O0TX9° T
ROTXG T
HOTXY T
99°5LS6
£9°86TY
$6°SSYE
£6°7%ST
6€°96€C
7%°881¢
60°ZZ81
6%°7LST
01°8021
15°198

9L°€€9

1%°€891
2°665T
88° €51

,0TX2Z° 1 -
€8°485Y x
95° LOEY -
0°8SZY -
62°29€ E
99°58%¢E -
02°822¢ -
6%°26L2 -
19°5642 -
22°6012 -
99°1981 -
%2°96€1 -
08°S5%Z -
88°9%€2 -
$6°LETT -

@3910u0) 21dIdoUTIg

- 86°CYLC
- 88°CGLT
- 86°CYLT
- LT°€2LT
- 86°CYLT
- 99°€L9C
- Y% %652
- 99652
- ¢€° 505
- 6£°96€C
- I%°S6%e
- %T° %192
- G1°%29¢
- 9L°€£99¢
- 6€°96€T
- 99°8591
- £9°9G¢ET
- 06°S%%¢
- 06°S%%C
- 08°SS%C

1°S9 °1qBL
- #981°
- (A% 18
- €681°
- 9181°
- €SLT"
- L69T°
- 6S9T1°
0T°%%9€  %%L1°
LE'STISE  T199T°
88°861Et  £8CT°
9L°690¢  S080°
G6°6%0€  €TZ0°
€L°0L6T T600°
¢e*116C  1%90°
96°€89¢ 8%80°
86°9€€C  6180°
I%°680C SI80°
$G°%¥8G6C  €L00°
%S*%8SC  ¥%00°
€L°%95C OT10°

1€°8Y
18°LY
T€°LY
18°9%
TE°9%
¢8°SY
Lyt sy
e Sy
LO°GY
8%
AN
£€8°1Y%
LE°TE
26°0¢
g9%°01
00°0

00°0

€ety
€8° 1Y
e 0y




PLATE 5.3

PLATE 5.4



'2d - 107d FINLVAAND "~ ANIWOW 'S'S "Oid

o1 = Ww JUN4{DAJLN D
< I=
8 [ 9 S ¥ € 4 _ ©

| | | I I { | I

T ANIOd 1V TouNLvA3NO

o€ =g 127 'TJ N3IWIDIdS

0

o
™

o
N)
‘UO] "X W {UIWOW

o
<
u

oS




- |9 NIVILS 3BLIFIONOD “IVAIONITL FHVISAVY ‘9 °'S ‘Dio

<d
SUIbu{S0udIW |3 SUIDU4S 94240u0D
cooP- 000 - 0002Z- 000]~
| ¢ | ] | [
- Lo_
<
(o)
oz 3
3
Of =% ‘I1=v ‘T NIAWID3ILS T
- _ 2
Om.x
\I\\-\‘\\\ m—
Ap— u
) . o+
J
- s
- -109
| | | | 1




Cd - T3 L077d NIVALS FIIAOINOD TIVHIONIALd IOVAIAVY LS Did

SUIDU{SOuDIW 'TF UIOU{S P4{auduoD bouaay
00¢ + ooT + oo! + .Q L 00!~
i A

4AUIW O I

1 Toz

L =% 17 'tg NaWio3ads

‘Ul "WOL ‘|

\\l‘\\l\”l oY




o006

2d - d0T7d NIvILS IVOIdAL 8'¢ OId
SuJ{EOuUdIW ' Supu4S 1234S
0008 000L o009 C00¢ e olo) 4 o00¢% 0007 000! O 000I-
[ | _ I [ [ _ .
suoiisod  3bnoY *.
q of
N / o % “\Eev h_.r.o_ N
%
SR /
- Setiou - -
BRI >
_ SR
0\\
.. I—~.0¢ Tos
e\
______Emﬂ ’
i = \\.\ Tor
= T o¢% .
2 3bnob uwuys .
. 2bnob uwbuqs ¥
0% = Q 1=y T E4 N3awIo3dsS 5
= 5 -
_ J | | _ | | _

UL UL "X W {UdwOl



-

LO*EELT
S1°%29¢
| AR Y 1A
9%*L8CT
62 °000¢
99°6SY1
£€8°%2S
9L°LTT
€9°8E1
L0 %6
1%°6S
1S°6%
00°0

L

Zd sureils [993S ® USOIID21IQ UTIBIAIS

= 65°9LE¢C =
= LO*LTET  06°€E91
- 99°£92Z 9%°GLY%1
= vE*861C  TL°OLCL
= 19°690C %5°096
- 88°0o%¥61 C0°116
= €L°TSLT TL°T¥8
- 86°%2ST  LT°€89
- €8°9E€ET  EL°YES
- LT°680T 95°0SY
- 08°1€8 19°S%%
- €9°v9¢ 6€°99¢
= 9%*LST 6Y°€CT
= 69 1L°6T1
- £8°811 1%°6S
- 00°0 00°0
9 S 7
SNIVIISOYOIN

SNIVILS 'TIALS

@391o0uo) ardrdoutig

KARKATA
€L°0L6C
LT °ETLT
65°9L€C
6%°0861
99°55%1
%2°066
89°¢YL
1" S6Y
(A4 YA
¢1°681
i 6L
00°0

4

Z°G 91qel
- GEOT*
- 6160°
9,°1166S 0780°*
96°GZSS L780°
01°Z98% L280°
LT 1E6E 1990°
9L°690¢€ z250°
LT°T161 L6%0"
68 GEYT 8160°
%%°0L6 LOOT"
8L ZEL 1221°
£€8° %25 €9€T1°
z0° Zog 69%1°
-€9°8€T GE0Z*
VIANEAN 6L
00°0 -
1
Az uea
AOVIIAV

£8°1%
€81V
€e° 1Y
¥8°0Y%
e 0%
7€°6¢
GE°8E
ce°LE
98" ¥t
88°6¢C
06° %2
26°61
76° 91
96°6

86°Y

00°0

NI *NOL

X
R



PLATE 5.5



Q1

‘ed - 107d TANLYVYA3ND LNIWOW

gO! x _ul

B8 L 4 b4

4040A4N0 D

4

£

‘6's "DiId

€ JANIOd LV J3NLVAZNO

St =¢ '1=7 ' €9 N3IWID3IJLS

ol

O
o~

Q
)|
Ul 'UOL X U WO

o]
\ |

(o}




—.

€d - (3 107d NIVILS F13AONOD IWEIONISd 30VITAY OIS Did

SUlbU{BOouDIl  |F UIDU4{S S{DUDUDD

000t - ©00¢ - 0002~ 000!~
l 1 i | | T- I
B —loi
- . 'l N
St=¢ ‘1=27 ‘€3 Nawio3dS “loz8
®
- |
3
- ’ —log 3
8
. v o
| * ’ J
“lov_
J
B —los
_ _ | | | | | 09




oo +

€°4d - 23 NIWILS ZFLIAIONOD TIVAIONIZd TFOVIIAY

SUIDJUYSOUDIU T3F WDJU4S J43J2uU0D

“i'e oid

ool-

ooz + oI +
_ ! _ _ I __
B o] -
K
N 0
. -0z -3
: o
J
T
= T1=m © =
= Strzef 1= T€J NIWIOIES o5 -8
)
0
— -0t -2
n I
- - —
| ] ] | m o9 1




0006

'cd - 107d NIvalS T331S “VOIdAL 21's 'oid
__ SUILU{SOJDIW 'SUIDL{S |234S
0008 000. 0009 ©000S ©OO0O0b OOOE  ©0O0OZ ooo! o 000!~
T ! I ] l ] | |
9 oSt
— EEm—m/H / .“ VEE.V o1 ]
028 / z
O
— 0@“’@0@0 . Toz -3
QR S
SRS
%> K<
B
- . ; toe -
< e e 3
b |
©
1\\\\\q\|\\.\\\ 5
- T oYy 7
| ‘1 ‘ON 3bnob uiouis v i
‘g 'oN 9bnob uiou4s
St=¢ ‘1=v ‘€J N3IWID3LS
S -Il..lnoo —
1 _ | _ _ _ _ _




9L°1S81
LT°6801
6%°29L
e YLS
6%°95¢
¢1°68
06°6
00°0

8

19°SLY¢
02° %091
£8=0¢L6
LT°€69
eS8y
8L°9C¢
0¢° 98¢
G6°L0C
(A T4
TL°6C
00°0

L

€4 SuIeIlg 993§ B UOTIDAITQ UTIRIIS 9391du0) aydrdurag

-
-

£8°988%
86°9¢EC
CTANA A
€9°0S6
¢0°80L
99°0%Y%
89°tE1
9L %2
00°0

9

- €9°2S8L
e 2T ahsy
- CELTIEE
%9 °8LTIT  8L°¥%ST
1.°6S02 LO°60T11
TL°€S9T  T19°1¢8
0Z°86TT G6°€19
96°¥sS 6%°9S¢
1%°6S 2€°69
06°6 06°6
00°0 00°0
S v
SNIVILSOEDIN

SNIVILS THHLS

8L %€9L
6E° CE8Y
S8°€99¢C
I7°€891
0Z°8611
Z1°106
S6°€T19
6C°9LE
¢1°68
06°6
00°0

€

G6°6E16
06°6609
1S°€L91
I%°LLCT
%£°086
LE L9
T9°S%Y
89°EET
08°61
00°'0

[4

-

¢ 1106
crteyLe
%G 4867
06°6£0C
€9°C29L1
SO°*9T¥HT
L1°6601
LEELY
19°6¢
08°61
00°0

1

€'G °1qel

L202°~- ¥8°8¢t
L991°~ S8°LE
GLET*~ 68°LE
L960*~- SE°/LE
9€S0°- 98°%¢
€610°~- 88°6C
1800°= 06°%¢C
6200° 26°61
- G60T° = 6" Y1

%290° 96°6
e6%sc’ 86°Y
- 00°0

Az uel  NI°NOL

X
JOVYIAV H



PLATE 5.6

PLATE 5.7



Cl

'd = 1071d FANLVAZND LINTWOW

¢O! X |_NI 2uN4OALND
8 L 9 S 1 4 <

| | | T [ I

T LNIOd 1V TANLVYAIND

O = ¢ ‘o=v/ ‘¥d N3IWMPDILS

o)
N

o]
N
Ul 'UoL oW {UBWO W

09




Tg = 1094 13 NIVS1S I1IJoNOD ~1VdIoNidd 3OVa3AY #1'S DI

SUIDU4SOJDIW - |3 SulbudS  9434DUCD
(o]eTol 2= 000%-—- o00¢ -~ ) 000! -
I I i | ]

00 ..uM\ ..Ohi

'8 NIWIDILS

Q
o~

o}
Lt}
"UIUG "XCW  HURUION

O
<

(04




ook +

Fd = 23 107d NIvalS 3FLIAONOD IVHIONIAE BOVIAZAV

BUIDU4{SOuUDIW - T T UIDJA4S 949uDU0D
ooT + o0 + . o

Si's "OI1d

Qo0ol-

o:¢ ‘oz7 ‘¥9 NaIWIDASS

JUBWIOIN

UruQl X W




Pd - 107d NIVALS T33LS IVIIdAL ‘QI's 'OId
SUIDJ{SOIDIW ‘ SUU4S [994S
0008  000L 0009 000§  000¢ o oool-
I _ I [ _
suoliIsod dbnoy
3 ~ Ol 2
o
_ :
y 3
~ T
e~ S ¥ %
B 1y, +— O X
€] _z B
EE.VH _ nlu—
— O% 2
\ u.
. - oF
— 0%

‘¢ ‘oN 2bnob uouis ¢

Lfz=¢ ‘0=n ‘$d NIWIDILS

— 09




$d Sulel3l§ 19935 ® UOTIDLITQ UTBIIS 9321du0) 21dIdUTIg

#9°9LET
8L °TYET
CO°L1€1
%G €911
08°%€01
€L°0%6
99°9%8
£9°LYL
15°869
6%°6SS
96°0SY
7S*16¢
9G°L%T
6E€°€91
86°€0T
LE"Y9

9S° %Yy

9L°%¢

S8 Y1

00°0

9

- 9L° 1481
86°TCET  EL°TSLI
6C°16€ET 08°EYI1
01°80CT  €8°9EEl
CO0*%#1I1T O01°80CI
G6°610T CO°¥%IT1
L0* 906 S0°0TI01
72 L8L ¢1°106
1%°899 01°208
86°60S 9%°€£99
ST°16¢€ €L°YES
¢0°20¢ 6%°9S¢E
08°¢c¢ $6°L0C
89°€ET £8°811
Lyl ¢0'66
16°6Y LE* Y9
99°%¢ 19°68
9L %C TL°6C
G8* %1 08°61
00°0 00°0

S Y

SNIVILSO4OIN

SNIVYLS 'T3dlS

%€°19%9
89°€91¢
00°L2Z8T
99°8991
¢e06%1
LO°CIET
72°€611
16°%901
99°9%8
99°9%8
€8°LCL
7" ¥9s
SO°10%
00° €07
86°€01
I%°6S
9G° %%
9L %C
8 %1
00°0

£

€L°9%ET
£€6°€CT1
$6° 6101
£€8°0€6
TL°1%8
89° %L
95°€£S9
€9° %S
19°S%%
65°9%¢
9%°LS¢
€9°8ET
1%7°6S
19°6¢
TL°6C
08°61
06°6
00°0

rA

¥°g 9lqel
= VAT
- £911°
00° 718 gh91”®
€9°LYL 16LT°
LO"EO0L 86LT"
(AT ] 6161°
6%7°9S¢€ 6661°
€L°871 ovie*
9% %S VAT
I%7°6S- VAT
00°0 L09¢*
08°61 886¢C°
G1°881 ocee”
£€9°8¢C1 009¢*
1%7°6S 8sot*
TL°6C ¢Sy
08°61 80€S*
06°6 6C1S*
00°0 096¢°
00°0 =
1
Az uea
HOVIIAY

66° 0%
66°0%
66°0%
L°6¢E
GC'LE
9L°%¢
JAANA
8L°6C
6C°LC
08°%2
1€°¢¢
28°61
£e L1
¥8 %1
GE*TI
98°6

{t°L

88°%

6£°¢C

00°0

NI°NOL

X
|



ol

Sd - 10Td FANLVAAND LNIWO KW

nO_ x ; 7: mLa._nu)LDU

) 4 9 S o -

LS i3

{$2L J© 4quod GNZ o
4594 J0 4wod 45|
'€ ANOd LV FANLVAZAO

Oo€=¢ 'o=7 ‘SO N3WIDILS

- o€

- oY

- 06

~ 09

TULTUO L T IN -1ua\.uow



S d - |3 107d NIVAILS 3LIAONCD TIVAIONIad 3FOVaIAY  "81'S "Oid

SUIDJ{SOJD I

I3 uiPJ4§S 949J42ueD

cco%x -~ 00T~ CO0I~ .
T T 1
u u\\
453, 40 4quod anZ o
463L 40 quod 45| -
o€ =Y 'O=7 sd NIWIDILS =

ol

o

o

oY

oS

o9

‘UI'uol "X N {UIQWON



S d - 23 107d NIVALS TFL3JONOD TIVAEIONIAd ZFOVAIAVY  ‘6i1's 'Did
SUIDU-4SOUDIW - T3 SUDU4{S I4D30u0D
o0o%k + o0oT + Ool! + : o0 -
_ _ .
.\.
~ T oI K4
* 0
3
m
J
-
— T oz
R
~ T o
-
0
J
- Tot J
1§91 40 4quod aNT o .
4SOL 49 Huod 45| -
- O =¢ ‘oz ‘s3 NIWIDILS T os
[ -T-09
) 1




'S'd - 107d NIvais 1331S 7IvVOoIdAL " 02'g "‘oid

SuIPJ{SouDiWw | SUIbU4{S [224S

000% c00L 0009 000% o ole) 4 000¢ C00T 000} (o) 000I -
| | | | ! [ | |
suoi{isod abnoo

o]}
X
0
Tot 3
[,
J
o
- -+ K4
0% r
g
l..—
0
Tov =
3

S ‘oN 9bne’D uiou4s Tos

4824 30 quod PUT o
4894 40 4ubd 48| -
o = ¢ ‘o= w ‘ed N3IWIDILS
T09
! i ] L _ _ _ _




00°0

€8°%0¢
€6°0ST
LE®6TT
20°L6
9%° 6L
9%°SL
00°0

L

00°LYST
£8°60¢€T
06°8STI
¢E*0OY01
G1°€08
6€°899
6£°92¢C
0C°L66
S1°€08
99°0t9
6¢° 109
€8°6cY
®C* LOE
88°LLI
0C° €1l
L0°0L
€L°LE
e°ce
$6°9¢
L1°91
6€°S
6€°S
00°0

9

o

- 99°60%-
PE€°8SET LE°TLS-
9L°6ECT T1°LT6-
LETETOT  62°YI9TI-
8L° %68 €6°9LY1-
9L°L6L S$8°LC91~-
6% %19 06°1¢81~-
89°90S 99°9S61~
L2°e81 6% 1912~
99°168 b4 A A
LO*EEL 0C €11~
TL°€09 o %61~
8¥°90S L1°LEC-
VA VTA G8°*10¢e~-
S8°10¢ CE LLE-
6%° L1 9G6°€9%-
%2°98 00°Chy-
06°€S VA TA o
ey 0Z°vEE-
ve°ce €9°C1¢t~-
9%°1¢ LT1°LET-
96°1¢ 19°S1¢-
8L°01 LE6TT-
00°0 08°L0T~-
00°0 00°0

S Y

SNIVILSO¥OIN

SNIVIILS TIALS

IS Z%1¢
00°259¢
%¥2°96C¢C
6%°0%61
00°89L1
06°0091
T 9EST
19°6601
£€8°0EST
I%°L021
86°L00T
%S°808
€8°9%9
06°S6Y%
9G°E9Y
99°60Y%
TL°191
LE"6CT
08°L0T
%7°98
L0°0L
06°€S
geece
00°0

€

Gd SuTeIlS 993§ B UOTIDDAIQ UTBIIS 23910uU0) 91dIdUTIg

96 LYET

2% °%0€1
LT°T211
£€9°6L6
00° %88
YARAAA
88°619
%Z°LOE
86°98L
6€°899
65°096
8L°CSY
01°88¢
62°08¢C
6¥°CL1
08°L0T
9% 6L
06°€S
crey
e e
96°1¢
8L°01
8L°01
00°0

[4

G*S °IqeL
9%° €S0y 6LST®
9L°168¢E 6060° -
S0"0ELE 0L00°
%2°779¢ %680°
6€°07¢€¢E ¢860°
08°107¢ T1201°
89°91L¢ 1201°
¢C " 1%9¢ 9.00° -
8L°0T7C 9L00°~
0¢°8171 O8IT®
7S°808 - evet”®
L1°6L9 86ST*
%2°8¢CS OIST®
9S°€£9Y TLHT”
S6°LYT S6C1”
86°€CI €ETIT”
08°*L01 LSET®
¢0° L6 GLTT1®
06°€S 6890°
4 A Y R0 N
7€°CE 8860°
8L°01 LOYT®
9G6°T1¢C~- 799%°
9G6° 12~ 3% 4
00°0 -
1
Az ue3
JOVIHAY



PLATE 5.8

PLATE 5.9



(oY

Sa = 1079 IAO0LVAIND LINIWOW  12°S 913

1 X .Ul DAATDAAND S
9l S + g .2 o

T | | I | | |

‘S ANIOd AV JFANLVYA2ND

ST =¢ 'ozv '93 N3IWID3ILS

]
o
. N
‘X HUBWO W

[¢]
"

]

Q

<+
CIRIVT-TH

—los

s




"O°'d - I3 NIVILS FLFIONOO TIVAIONIAd FOVASAY 2T°9 oid.

SUILU{BOuUdIW ' 1T uIDJU4S 249JuDu0D
Coot - OO00% ~ ©00? - ©00! -

0

i i |

Str=¢ ‘o=r '99 NIWIDILS

] |
0O o)
q ]

'UO'L vxw

|
8]
<

|
0

41U WOl

u

—10¢




Od - 23 1071d NIVALS 313IONOD IVAIONIAd 3OVIIAVY 29 Oid

HUICA9S0A2 M0 T 3 HIDAYST PPIAIMOD)
O0f + o0oT + CO| + (] r=T-10%
T I o

i o JoI

™= o ,._ i . TO0%

-

oS¥Y Y 07 93 NIWID3ILS tor

"UI'UOL "X N 4UDWO

. 3 TOS




0006

"9 d - 107d NiIvals 13315 TIvOIdAL "vg's oid
SUIDL4S OuDIW ‘UIbu4S |924S
0008 oooL 0009 000S  ooot 000% o007 00! o} 000!~
| _ I i ! _ | |
suoiyisod obnob ‘

To!
K¢
0
To2 3
o
3
..._-
1 K <
o% B
o
)
oV -
2

4

‘g€ 'ON @bnov uica4s
oS¥=9¢ 'o=z+w ‘99 N3IWIDIALS
—T09
_ | | _ , | | |




00°0

ST°966S
VAR A A
19°L6Y
89°C6Y
19°€vY
| VAR %A
£8°08¢
£9°%¢
8L Y1
G8°6
€6°Y
£6'Y
00°0

L

*gd SuTe1lg [9938 P UOTIVIATIQ UTeII§ 9331d0u0) a1dIdUTayg

15°68€¢
I%°19¢¢
LE°S66]1
8L°TE8T
CI°ELYT
L0°£08
%G°00¢€
£€9°%¢
T.°61
8L %1
8L %1
€6y
00°0

9

- €9°9¢01

- 6C°066
GI°20C1T  S8°L18
Yv°8LL £€6°019
EL°YSS 00° 0S¥
L %5¢ 99°LST
75°86 S0*%9
96° 67 95°6¢C
1761 8L Y1
TL°61 8L %1
8L %1 S8°6
G8°6 c8°6
000 00°0

S v

SNIVILSOUIIN

SNIVYLS THILS

€0°268¢
€9°0589¢
01°*8%1¢
¢C°E081
00°CIZ1
LEEBL
€0"6L2e
I7°6¢
8L Y1
8L°Y1
c8°6
G8°6
00°0

€

62°066
99°€9L
0T %EL
9%*L09
¢eE LIS
9L°€8
£9°%¢
8L "Y1
gL %71
€6°Y
£6'Y
00°0

rA

9*G @1qe]
6€"CTEST 9%Cc0* -
6S°CLIT €960° -
$E*HS01 rAeYAsN
2E°1¢6 %220
96° /€8 02£0.5=--
02°099 eRs0™ -
cC* L8l LLYv0*®
1%7°6¢€ ¥881°
T1L°61 £gog’
S8°6 0GLT®
¢8°6 9990° ~
£€6'Y 9999°
00°0 -

T
Az uej
dOVIEAV

¥1°91
®1°ST
VAR At
§9°71
91°'11
16°6
L9°8
4 o i
89°%
8I%
69°C
0Z°1
00°0

NI*NOL
-4

H



Ql

Cd - 107d 3JINLVASND INIWOW ‘SZ°S ‘OId

gO! X NI @uA4OAUND
8 £ 4 S ¥ £ T f

| { L | | | | |

"€ UNIOd 1V TFJNLYAIND
09 = ¢ "o v "TLI NIWIDISS

(o]

oz

U U0 L XN 4UBWO




Cootr~

Ld

- 13 107d NIVZLS 3FLFAONOD IVdIONIAd 3IOVIIAV 9T'S DI

SUIDJ4SOJOIW | 3T UIDJ4S P4940U0D
000% - 00T - 000! ~

L9 ¢ ‘o=n L3 NIWIDILS

0

TUI'UOL "OC I 4UdWO

oT




oo+

Cd - 23 107d NIivalS 3LIAIONOD IVdIONIAd IDOVAIAY

TUIDU{S0JDIW ‘ZTF UIDJ4S J{JUDUDD
o0g + ooz + 00l +

(29 ‘Did

09 = ¢ ‘Oo:zw 'L3 NIWIDILS

ol

oz

‘UQL "X W dudwoW

;u'



dd =~ 1071d NIVILS 1331LS IvOIdA L " 82°S ‘o4
SuIbuysoIDIW ¢ sSuU4S [224S
(eJel=]} oot ooz 000! oow 009 Ccov 002 o 000/
i i i I I ] I ! ]
. = {
X
0
3
0
suoi{iIseod 2bnoyo . w.
Toi X
..m
o'
2
3
Toz
‘¢ 'ON obnob uIDJ{S
09 =¢ 020" "Ld N3IWIDIILS
{ | 1 1 ] | 1 |




€6°TYET
$8° 90T
Y€ G661
€L°6%ST
9L" 42~
G6'y
679~
00°0
$6° Y-
00°0
00°0

L

[d suTeajg o938 B UOTIVITJ uTeIlg 93910u0) 91dIdUTIg

¢1°S6Y
£L°8C1
€9°8ET
¢0°66
¢1°68
I7°6S
15°6Y%
06°6
00°0

9

65°881 00°¢18
65°9%¢ €6°801
19°6€ 9L°L22
08°61 £6°801
06°6 €8°811
06°6 €8°811
00°0 €6°801
00°0 ¢t 6L
00°0 00°0

S w

SNIVYLSOYIIN

SNIVYLS 'TdIIS

99°6GH1
LT°6801
e YLS
1L°62
08°61
G891
06°6
S6°Y
00°0
00°0

€

16°6%-
16°6%-
08°61-
08°61-
06°6-
06°6-
00°0
00°0
00°0

L°S °T19eL
- |8EYO"
I7°65~- €68C° -
¢€°69~- LS6T" -
19°6€- €ov1° -
08°61- 6L60° -
08°61~- ¢110° -~
S8 Y1~ G190° -
06° 6~ cgso’
06° 6- -
00°0 geee” -
00°0 -
1
Az uej
HOVIEAY -

£€6°Y
8L°C
8L°¢
81°¢
L1°8
£9°9
81°¢S
69°¢
61°C
62°1
00°0

NI *NOL

X
W




PLATE 5.10



ol

8d - L107d 3JIAOLVAZND LNIWOW

t

mo_ b g _.._.r_. HN{OAIND
9 S
; :

c _

"oy D4

-1

T LINIOd AV TANLYASIND

L t¥ ‘ST.0=zvw "85 NIWIDILS

"UI'UOl XN {UIWOW




Bd - (3 107d NIVA1S ILIAONOD IVHIONIAd TOVIIAY

SUIDJV4{SOWIW I3 Suibuys 24340U0D
COoOtr~ 000% - 000¢Z - ©00I -

‘Oe'S "Oid

‘O=z¢ ‘SZ:0:=zvw '80 NIWIDILS

-10¢

‘Ul ruol e

JuBWo W




"8d - 23 107d NIV31S 3IIZONOD vaIONZd IOVISAV 1S oig

PUIDUSOUDIW T T uUILU4S  I49JDOUOD

oo% + 00T 4 00! + R - . 00! -
] i
B ‘ T Ol
* £
. [5)
- . 3
TO?T o
) . ]
3
Q=¥ '$T.0:7 '83 NIWIOICS ’ w
- . 'Ilom ) L3
. o
. J
) 3
e TO%
. |1|I.|_||.I1II'III\II\ :
5 Tos
{ |




‘Bd — TJUAVId NIVILS TI133LS “IVOIdAL "28°S DI

SUIDU4S0udIW 'upuys |284S

0006 o008 o00L 0009 C0o0S (ole 0, CO00% oooT Q00! o ©00i-

T I I I [ I I _

suoiqisod abnoo
ww g
—I F
]
9 L4 =
D etr— £ = 4
o - L1119 - —> 3
wwd K o
1 K m-
2
| d
qt )
N
2
3
9 ‘ON - & v T 0§
Z 'oN 3bnob uibuqs .
°0:¢ 'sZ0:w '8/ NIWIDILS
| | | | | | | |



%°6S
I7°6S
L0°%6
€L°871
£8°811
£8°811
£6°801
£6°801
20°66
¢1°68
¢1°68
¢2°6L
L2 L
€69
I%°6S
1L°6C
08°61
08°61
06°6
S8 %1
06°6
06°6
00°0

8

02°68S
ARV
2z S8y
06°S1Y
01°96€
08°G¢Y
08°S¢ZY
08°StY
06°STY
06°S1Y
06°STY
08°scY
08°S¢cYy
06°STY
¢8*0ocYy
c8 0ty

86°90€

99° Lt
¢0°66
1S°6Y
99°%¢
1L°62
00°0

L

gd SUIR3IS [9938 P UOTIIDAITQ UTRIIS 239I0U0) a1dIdUTag

1y LLL]
%2°066
£9°056
¢0'116
9%°998
06°1¢8
LT°€89
L2°€89
S6°€T19
RE°WLS
£6° V1S
6C°9LE
S6°L0C
¢1°68
g6y
06°6
06°6
S6"Y
00°0

9

£€9°8€1 -
20°66 v
it 6L -
¢e 6L [TAR Y814
1%°6S S1°881
I%°6S 6C°€LT
17°6S G8°LTIT
I7°6S 01°€6T
9%7°%s ¢0°66
16°6% 6L
15°6Y 00°0
15°6% 19°6¢~
19°6¢€ 19°6¢-
19°6¢€ TL°6C
19°6¢€ ¢0°66
99°%¢ AT KA
1L°6C £6°801
08°61 Le*yL
06°6 16°6%
06°6 1.°6C
06°6 08°61
06°6 06°6
00°0 00°0

S 7
SNIVILSOUIIN

SNIVILIS 'T3JILS

9% GLYT
S1°90%1
€6°97¢1
€L EYIT
95°6501
£€9°0¢56
16°198
6E£°CLL
ce"8L9
bS° %55
LE*OLY
6€°99¢€
LeeLiLe
7%°8S1
€8°811
I%°6S
18 6%
1L°62
06°6
00°0

€

86°8Y1¢E
LE®60TE
6S°881€
88°0%61
06°L2CT
L2°6801
%6096
%°1L8
6E€°CLL
L1°€69
S0°%09
88°61S
06°S1Y
89°9¢¢
19°¢%¢
%€°891
¢0°66
I%°6S
19°6¢E
TL°6C
68 %1
00°0
00°0

[A

8°¢ 9Iqel
g LOLO* -
£8°8%1¢ 6SL0° -
g8 GEYT 0160° -
[AANAYA! LS60° =~
| YANATAN 0780°~
19°LST1 %000° -
16°%901 1¢20° -
€L°0%6 ¢ve0° -~
79 L9L 18¢0° -
95°€S9 1%¢0° -~
8L°6CS 09%0° -
9G6°0SY 9620° -~
62°9LE T0%0°* -
88°91¢ [AAL
00°*00¢ 99¢70°
¢0°66 90¢¢C" -
L1°%8 %01¢° -
I%°6S ST6E -
9SG %% 18 & A G
99°%¢ %1L0°
08°*61 =
06°6 gEeEe’~
00°0 -
T
Az ue3
JOVIIAY

LY 9%
A4
L6°EY
gy ey
Y ANA
86° 1%
6%°6¢
00°LE
16°%€
[V AS
£5°62
0°L¢C
66 %t
90°2¢
LS 61
80°LT
6S° %1
01°?1
19°6

[A4 a4

£9°Y%



PLATE 5.11

PLATE 5.12



'O'd - 107d IINWWAAND  ANIWNOW.

€01 X U1 DANJOAAND

"€E'S 'Oid

i | 0 | T T

— ‘€ ANIOd LV FANILVAIND . oz
i T
OE =¢ 'ST-0:1 ' ©d NIWIO3dLS

B og
B oy
B —los
i 109

| 1 | 1 1 l | |

JUIWOo W

Ul ‘uol X W




[eTToT 8

SWUIDAJGSOAI MU 1T LIVDAJS 23240U0D
000k - ©o0T -

Bd = 13 107 NvalS 3FLFIONOD wdioNAd  3OVZIAV pE'S Did

000!~

T |

O0€=¢ 'S20=v/' ©d N3WDI3dS

|
o
o

1
0
N
‘Ul TUOL "XW 4 U3WON

|
O
<




'6d - 23 LO0d NIVALS 3LZAONOD TIVAIONIBd JFOVASAVY 'S¢€°'S ‘i

SUIDAJSO4IIWM 23 WIVA]S 23940W0D

00¢ + 00T + o0O! ¢+
T |

(o) Qo| -

oonna ‘'eZ-0:% ‘63 N3IWID3dIS

|
1
Q
L]
Ul 'uol XN A4UIWOR

-~ TOoY




ooob

‘©d - 107d SNIVILS 1331S “IvIIdAL '9€°'S ‘Did
Sulps4S ouDIW ‘Sulou4S |924S
o008 oocoL 0009 000S ocood ©00% 0oooT 0001 o 000I-
I I | | 1 1 1 1
suolqisod @bnoeo
ww g q ww
/ / / 0009 \\\
L/ \
X
0
5% W
z X7 ?
, K¢
b 8
— ;
>
T oY
0 Lod " » 4 lul.lom
Z ‘ON 2bnob uwou4s -
LE=9 ‘sT.0o: v "bd NIWIDILS
A 1 | 1 | 1 | 1 e




00°12ZY1
¢E0611
S 0¢e8
T19°€19
16° 2%y
I%7°1%¢
6S°L9C
ey 1¢c
98°9¢1
EL°OTT
9€° S¢S
89°LC
¢7°81
€C'6
19°%
00°0

8

S6°EYLT
81°08ST
98°896
8%7°0LL
60°CLS
6S°0LY
LL*96E
I¥°1%¢
86°29¢C
e ¥l
%9° LYl
65°%9
89°LC
%81
€2°6
00°0
00°0

L

6d SUTIBI3S 19935 B UOTIDAITQ UTRIIS 93aI0u0) a1drourad

28° 4TS¢t
6€° 7231
GC*LIT11
56°1€6
60°SLL
86°899
G6°SCS
e 8IE
XA KA
16°9¢
S8l
Sy°81
¥8°¢€1
€2°6
00°0

9

9€°6L91 =
€C°€E9T  S5°0899
G0*H%0ST  S¥%°S06S
16°1S0T  0€°290¢
89°9¢€9 LZ°10L
6S°0LY LL*96E
Ty 1Y€ 00°£0¢
9€°8S¢ S6°6T1I
GG %81 co° €8~
81°671 9°LY1-
c0°t8 1781~
16°9¢ LT°C6
Gh° 8l 16°9¢
8 ¢l 89°L¢
€C°6 S7°81
00°0 00°0
00°0 00°0

S Y/
SNIVILISOUOIN

SNIVYIS TdILS

0S°9111
AR
89°6¢8
0S°0TL
9° €SS
9€°19%
8L°C¢EE
9€°85¢
T%°8¢€1
8 ¢l
71°9%
og* e
S%°81
19°%
00°0

€

99°66¢€L
%€°80%9
11°8%67
£6°0091
6€°9TY1
6€°€1C1
TAR T
19°918
99°€E6%
G6°¢TE
6S°%91
00°00T
¢S 1y

00°Z¢

LO" €T

78 €T

00°0

4

6°S °19EL

- c19¢’

- 8EYT”

.- GG80°
LT°8¢ST 86S0°
€L°8CET gheo*
16°S%9 9010°
60°CTLS 9100°
78°6LY 60€0° -
€2 °S1Y ¢090° ~
CE°SLT 1€60° -
€2°6CI 09¢C1°~
G0°€8 YIy1® -
9¢°q¢g 06.0° -
16°9¢€ 2850° -
89° LT 0L09°
S%°81 LLBT®
A OT1T*
00°0 =

T

Az ue3
HOVIIAV

T#°S¢E
9¢° St
98° %€
98°¢tE
LE®TE
88°6¢C
6€°LC
06°%¢
T¥°¢¢
26°61
g )
6" %1
VANA
96°6

L9 L

86°%

6" ¢

00°0

NI*NOL

X
H



PLATE 5.14



(o]

Old - 107d JaNIVAIND INIWOW  Z% S OiF
gO) X oty ,.ﬁ.a)nﬂ)\.\ﬂu, .
© 8 L 9 S 14 < I o
| i ] | b i |

B T ol
Z
0
3

— J .o
(o) A
=4
L
8

- T -log
0

2

‘PaNod AV BINLVABND 3

B SP:¢ ‘'ST.0s 1 'Olg N3IWIO3SS T mid
B T 0%
- . 1 oo

| 1 1 | 1 |




‘Ol'd = 13 NIVALS FLIIONOD “IVAIONIZD TFOVAIAY '8€'S 'DId
SUIDJ{SOUDIW | T UIDU4S @4340uU0]
(-1-T-) -2 000% -~ 000Z - 00| - C
] | |
e s e —
ol 2
. o
3
n
3
- =027
E 4
B
I
>
» S¥ 8/ 'S¢.0:z '0lg Nawio3as ov
= _ Io__m
— ~j09
1 1 i




'Old - 23 NIVaLS 3L33ONOD “IVLIONIAd 3DVISZAY -  "6E'S i3

SUIDJ4{SOudIW ‘T3 UIDU4S 3J{J4DUCD

COR + coT+ 001+ (+] 00|~
T _
l *To!
<
b )
13
®
3
0 Toz v
2
. . . B
o
i To% 3
3
L o
Str=¢¥ ‘'sT-0o=7 ‘Ol N3IWD3dS
- —ros
1 !




0000

‘Ol'd - Bivld NIVILS T133LS "IvVOIdAL

ocoos8 000l

SUIDI{SOJD I ' SUIDL4S

0009 000S

(efalel 4 000%

2245

oo0oT

(oalo]]

Oob's oId

(o)

| |

suociqisod @bnob

{
A

1 §

St
Z

S -oN

1 'oN 2bnvb uwoua4s

[ 1] 1

oSt =¢ ‘SZT-0 v ‘0Oid NIWIDILS

1 l

il L, I

Tov

Tos

00CQ| =

TUW'UO L "X AuduIo|A




60°CLS
60°GLL
6S°%9
S%°81
£2°6
00°0

8

01d SuUTeIlS 923§ B UOTIDAITIF UTRIIG 9331du0) 31dIdUTI OT°E °1qelL

89°8%%1
€C70EYT
65°S8%1
0S*9T11
e 98L
LZ°86%
65°%9
16°9¢
Sy°81
00°0

9

€2°819
98°9S¢
S0°981
00°0
Y1°9%
¢Sy
00°0

S

e s0ee
9€°7881
89°1591
LL°80C1
78°488
89°EEY
[4: 0 Y A
00°0
89°LC~-
00°0

Y

SNIVYIS TdILS

” 00°¢%8¢
98°896 28°TCEE
LZ°LOTT  S6°L9EE
60°SLL Sh°LS9C
81°SES 19921
LL 6T 66 %81~
16°96 )
¢S 1Y 89°LC~-
89°L7 YL 9%~
00°0 00°0

€ [4

09°2esSt
06°22S1
T1°Y%ZeT
60°1811
98°896
%1°6S9
16°6€¢
L2°C6
9SS
00°0

T

6200° -
g81sc”

¢ose”

9010°

1990° -
6160°~
GE90° -
LL20° -
a8y1° -
0gog* -

AZ ue3l

FOVITAV.

6£°9¢
06°S¢C
S1°S¢
o%*%e
26°0C
€Ll
96°€1
9%°01
L6°9

6%°¢

00°0

NI*NOL
x



(=]}

'd = 107d FANIVAIND LNIWOW

‘g0l x> [+ 9JN4DAJND

B L 9 S

Q

£

‘1S “oId

| | | {

'E INIOd AV T3NLvAaNd

O9 =¢/ ‘sZ.0o=7v "ll9g N3IWIO3JS

|

{Uauwiop

—101

-uol oxw

9]

-|oz




elelod 2o

n'd

= 13 NIVALS 3I133DONOD IVHIONIad 3IDOVAIAY S+ 'S Did

SUIDJU{SOoJoI ‘[T SuIbJ4S 343u2u0D
oo0% - 00T~ 000 =

) ] |

L9 =¢ 's2-o:1 ‘I3 NIWIDILS J

o]

o

{UPIOWN

‘Ul U0l ‘X W



0oL +

Nd -<C3 NIVALS FLIFAONOD TIvdiONRId FDVAIAVY b 'S 'Did

SUIDJ{BOJDIW ‘2T uUiou4®
o0¢C + OO0l +

24240U0D

o

L9:=¢ 'ST-o=7 ‘Id N3IWIDISS

llloq

To¢Z

‘W HuUBwop

‘woL

'U'




NMd = 3LvVd NIVAILS T133LS “IvOIdAL $9°'S Di4

SUIDL{SOLDIWM ‘SwIou4S |224S

oo0o% (oo (or4 (e]ole]] o 00QI=
| | ]
suoci{isod 2bnovo 1
09
r
A N W
- 3
‘ 2
£ ) “
NON N
J ' Ql
) ' X
R
|
VA ;
2
Toz
T 'ON 2bmob UIDJ4S ¥
G -oN 2bnob uouqs .
09 =5/ 'sz-0= v Tig N3IWID3IIS
| | |




16°198

00°0

06
06
00
00

‘6
‘6
‘0
‘0

8

11d SUTBI3S [923S§ ® UOTIDAIT(Q UTIRIIS 93310u0) 91drduTag

8L Y¥ST
99°€%9
19°6€
08°61
L A |
S6°Y
00°0

L

02°566
Z0°116
9G6° €S9
68°€29
9L°0EY
S1°881
¢1°68-
00°0
9%°€£99
6S°9%¢
L7612
08°61
06°6
00°0
00°0

9

6C°L6LT  9S°TL81
CT°t0LT  S6°1€81
G6°8Z9T  S6°1¢81
88°¥EST  S6°1¢€81
0Z°10%T  %¥%°28L1
T1€°L821T TC°EOL1
8L°8ETT  LT1°S0SIT
06°%201T ST1°€0C1
00°?18 ¥%°0L6
h9°8e1 yS*1sE
%7°6S 19°6¢
T19°6¢E TL°62
TL°6C 08°61
06°6 06°6
00°0 00°0
S K4
SNIVIISO¥OIN

SNIVILS ‘TddLS

€83LETL
ELEYTIL
19° %901
96°948
L1°06%
YETTLE
beT1LE
89°CET
TL°62
08°61
68 %1
00°0
00°0

€

L2°1061
S6°1€81
08° €791
99°6S¥%1
01°S00T
%2°066
89°¢hL
06°STY
£8°811
¢0°66
¢e"69
14" oY
00°0

[4

I1°S @198l
96°1L81 4 TAN
£9°79L1 ELLE’
[AAR VA VA TA%N
AR YA TL0E°
7 6LST 88¢2¢°
9L°SH¥1 VAT T
00° 8171 0sé6c*
9L°6€£01 9%61°
16°859 TAA
6C°9LE 09L2°
20°66 886¢°
¢1°68 8e1s”
16°6% 088¢€"
16" 6% 0SL°1
00°0 -

I
Az uej
JOVIIAY

€6°L1
€6°L1
€6°L1
£6°L1
62°L1
€v ol
29 ST
%6°€1
0Z°¢tl
96°01
96°6
LyL
86" Y%
6%°¢
00°0

NI *NOL

X
1



PLATE 5.15



‘ei'd = 100d FANLVYAIND INIWOW 'SP'S "Did

ol x _NI DJIN{OALND
ol (3 8 < 9 S ' 4 ® T [

i i I i | | | I |

'S LNIod LV 330LVA3ND
b =¢/ ‘ST-0=v ‘ZId NIWIDISS

ol

‘UIH'UO) ' {UdWO

02




ei'd

OCO+p-

13 107d NIVILS S[LIBONOD TIVAIONIAd ZTOVIIAY

‘UIOJHSOJDIW |3 UWIDJ4S 9<4d2J0U0D
Qoog - coC?e- 000I-

9v°'S "OlId

o)

| b I

L6 :¢'5z.0:7 ‘T NIWIDILS

—CQI

U woN

Ul UL aC



2ld -23 NIVILS FLIAONOD TIVvdIONI¥d FOVIAIAV LP'S "Did

cu SoADIe o € 33DAD2U0O :
Oog + A Boes 0 Mt eanear - o —
J I
<
o
3
(]
3
— jy o2
- l‘o —
4
H
06 =g 'gZ0o=1 '213d N3IWID3dS 5
J
3
B -toz —
_ L




- 1074 Nivals 1331S VOIdAL

‘8v°'S Oi1d

‘el 'd
oo%g| oo9l ool ool QO oI 00o% Q09 coOt (¢ o4 Q (o]or AN
[ T i T | |
F '] L] " 1
€ ‘ON abrob UIDU4S . K ¢
o z=¢/ " =7 ! 03d4S q
Ob ¢/ 'sT.0= 2id NIWID3Z m
b
T
~.
E 4
R
— suoi{isod abrnoo -
- :
J

nll.l

P
4D

wwy

o~

L
~é

ki

T oz

")




06°1¢8
G8°€79
€6°%1¢
01°96€
9%°LST
6G°€EV1
19°6¢
08°61
06°6
00°0

8

ZId SuIeilg 923§ B UOTIVAITQ UTRIIS °32aduo) o1drouraigd ZI°S 9I9HlL

%2°96¢L1
99°6%01
L1°06%
97° %S
99° %€
9L°%C
00°0

L

-

e T6LT
19°¢£991
LT1°6601
TL°6C
06°6
00°0
00°0

9

6E°E91 ¢1°68
9v=LST c0°861
00°218 G0°861
LE*SBYT %S 8%1
LE°6L0T C2E°69
0z° 6L %S 8y
19°6¢€ G8° %1
9L°%C 06°6
06°6 00°0
00°0 00°0
g Yy
SNIVIISOIIIN

SNIVYLS TdALS

19°6€~-
96 ° oy~
I%°66-
2L 69-
¢€°69-
¢t 6L-
06°6-
00°0
00°0
00°0

€

96° %Y
16°6Y
16° 6%
TIL°6C
88 €11~
L %9~
06°6
00°0
00°0
00°0

[A

- 8LYYy*
l 0Z6%"*
06° %201~ 99¢9°
€6°0C6- LLEL®
8.°9C¢t~- %18°
00°0 Z1o08°
1L°6C- T60L°
S6°% %9.6°
00°0 666"
00°0 -
!
Az uel
JOVIIAY

SyeEl
GE°ET
OI°€1
0L°?1
01°?1
19°6
1L
€9°%
h1°¢
00°0

NI°NOL

4
H



PLATE 5.16

PLATE 5.17



o & 8

€l'd -107d FANLYATND _LNIWOW

S & e 2

*0

_m..vw. X Ml DANJODAAND)
|

‘T ANIOd 1V FINLVYAZND
O:¢ 'S0z 'RIgd NIWIDIAS

|

0

ol
"uoy

9

1YW oN

oz

‘2 W

‘Ul

ot

“log




Rl'd - 13 107d NIvVALS 3L3YONOD IVLIONIAd 3FOVIZAY . '0%'s "Did

SVUIDJ4SOJDILL |2 UIDJ4S B4PJOUOD :
000+t - 000¢ - 000 - 0001 - (o)
| 1 1

0

. O
N

O0:9 'S.0:7 'SId NIWo3aS

Q
L¢]

‘UITUO] X W  4UdWOl

O
<




oof +

'Tld -23F 107d NIVSLS FLITAONOD -IVHIONRG FDVIAIAVY 'IS°'S 'Di4
SUDA3SOADIWM T3 WUIDAQS T JIA2M0 D
ooT+ 00! + o] 00ol|-
| |
= + 01 ]
K4
o
o © =¢/ ‘ST.0=z v ‘€19 NIWIDILS y ToC = w
w
= +os — £
8
-
O
S 3
— — Tot -1
3
- :ﬁom —
] |




Cli'd - L07d NIvVILS 133LS IvOIdAL ‘2SS Did
SUILJ{SOIDIW 'SLIOU{S 994 S
000b o008 o00oL 0009 QO00S (olelog 4 coos QOO7T (oleTe]! o) ©0o0I-
T i 1 | T | | T
wCO_..:..wOL ﬂm:.:ﬁﬁv
_Q. W
o L 2l W
LR e e s
_ HEIN y
wwy 9! 2
| ly
qQy 4,,5_ .WL_
3
Tos
S 'ON 3bnob uivu4s vy
< ON 2bnob uibu4s .
©Cz2¥ 's-0:=27 "€ d NIWIOIIS “+o9
| | 1 | i 1 1 i




€1d SuTIe1lg [993§ R UOTIDDITQ UTRIIS @3910u0) o]dIoUTI]

€6° 801
2E°69
19°6¢€
I7°6S
I7°6S
1s°6%
19°6€
1L°62
08°61
00°6

06+6

00°0

L

08°61
¢0°66
788yl
£€8°811
20" 66
e 69
19°6€
08°61
00°0
00°0
00°0

9

£6°801 -
86°€0T =
89°€E1 0z 9%%Yy
86°€01 S1°%29¢
9% %S 0Z°0102
7€ 1L CI°ETLT
IXAR 7 01°8071
L1°Y8 %5°096
£E°Y9 6%°29L
99°%¢ ®2° %8S
LT1°%8- %2 18¢€
LE %9~ G0°861
S6°% ¢t 6L
G6° Y 08°61
00°0 00°0

S Y

SNIVILSO¥OIN

SNIVILS THIILS

HOTXT"T
4%°2066
2€°1L69
LE*EELY
6%°98€C
86°0£6T
¥2°96€1
6€°8LTT
Y€ 086
6€°ZLL
20°S0S
LE*L9T
8L €21
19°6€
00°0

£

-
-

6%°861¢€
00° 942
7%° 8812
89°%SST
79 9LET
62°881I
S1°0001
L1°€69
LE°L9T
15°6Y
1,762
00°0

[4

€1°6 2I4qel
- %201° -
= Y101° -
- ¢8I1° -
7OTXT°1 9¢€T1" -
$G6° 6908 L6ST" -
8LYLLLE 6£0C* -
TR EL11 L1GC" -
00°S101 %.8C"° -
9.°9€8 ceoE” -
€' 889 86Y¥E" -
19° G4y 860%° -
¢crese 66CY%° -
L1°%8 088%° -
S8° %1 CLIL -
00°0 =
1
Az ueia
JOVIHAV

¢8° Sy
LO°SY
(A
8ty
80°¢Y
1AM A
%8°6¢€
98°%¢
88°67
06°%¢
6°61
%6° %1
96°6

86°Y%

00°0

NI*NOL

b4
0§



Ol

Pi'd - 107d FANLVAAIND LNIFWOW

mO_x N 40 @JN4{DAJIND

L 9 S 4

£

e9°S "OId

'€ ANIOd LV FANLYVATNDO

LEY 'S o=7 '¥lo NIWIDILS

0 (o}
o -
4U WO

Q.
0
"Uol AW

0
<
"l

oS

09



'd = I3 NIValS 3FLIIONOD TIVdHIONIAd FOVAIAY PSS DI

k4
: Suiol4s W ‘|3 Ulbu4S D43.Du0oD
coot- [oToTo1- 8 0002 - 000I- o
T _ _
e —o1
Z
0
3
: n
- OCE =¥ '90:7 '$I9 NaAWIDIAS —Hoz 2
f <
B
. B
. v 0
?
| —oy I
= —Jog
I | 1 ©°9




"Pl'd - 22 NIVILS 3LI3ADNOD AVAIONIFA FOVISIAY 'SS'S ‘DI

‘SUIDJ4{S qd\

‘T3 UIDU4S D 42J4DUCD

oos ooz ool o 001 -
| |

- Ol —

K4

o

3

i g

‘oz —~ 7

K4

8

~ —os -

- -

[¢]

J

- Tot —13
s -tos —
| | 1% B




Pl 'd - LOd NIVALS "T133LS “IVOIdAL *99°'S ‘Di4

Sulou4SOLDIW ‘Sulbuqs [234S

0006 coo08 000L (ofolole) 000S (elele) 2 000% o002z 000! o 000I-~
1 | | | ! l 1 |
suwoiyisod abnowo
NN o
-]
= - ol
4 K<
¢ ’ T Joz m
e d_ ]
~ 7
EE?\. z
Y ©O% R
G\\ 1\ ~-
@
2
—_—— o* IU_..
T o0&
$'oN 2bnob uicu4s ¢
2 ON 9bnob ubu4s .
LE=¢'s- 027 'p1d NIWIDILS + o9
] | | 1 - | { | {




we %092
ST°2TI8T
€L TGLT
99°LLEZ
0T°**191
G0°9THT
96°948
TG 6%
TS6°6%
00°0

8

“fId SUTRIZS

S0°9'E
6%°861¢E
£9°0862
€6 frhse
0T 0202
G8'geIT
LE*6L0T
£6°80T
T9°6¢€
00°0

L

L2 *LOte
19°99€T
08°1€8
eT°68
TL*62
00°0

9

= 89°9¢€€
2eL82T  °8ST
6€°eLl 2T 6L-
99°€79 20° 66—
99°€59 9L*Lee-
G6°€T9 ge 69—

2L 69 00°0
08°61 G6°%
00°0 00°0
g ki
SNIVYISOYDIN

SNIVYIS TIHLS

CE 69—
WE 89T~
TL* 62—
12 8LT
08°6T~
T7°6S

62" ELT
€8°8TT
T9°9¢€

00°0

19938 % UOT309XTJ UTBIS 938a0u0) 9TdTOUTI]

G6°€T9-
99 °€Y9-
TLoGEY-
96°L02
99°LEe
7987t
ce°69
00°0
06°6
0G°0

(4

1°6 °1qeL

$0°0T0T~
6€°BLTT-
00°8TeT
08°%e
¢0°86T~
™ 65—
06°6-
00°0
00°0

T

ETIT’
9T0T"
T€80°
6990°
6TTT"
€80T*
£880°
848T°
096¢°

Az uel
HOVUIAY

2T Ee
LB°2E
e1'2E
88°6C
0T*$2
26°6T
16°11
96°6

86°%

00°0

NI °*NOL



PLATE 5.18

PLATE 5.19



ol

Sld - 101d FINLYA2ND LININOW

€OV X .Ul D2aAn30AAND

6 3 L 9 S =

“Ls'S DI

| ! | | |

—

‘T ANIOd LV FAOLVYAINOD
SV ¢ 'so:vw 'SI'd NIWIDILS

{udwopw

1

o]

. . n
‘Ul ‘uol XYW




Pl'd - 13 LOTd NIVILS FL3JDONOD TIVdIONIAd 3IOVI3AY '89S Did

BuUILU4SOUDIW 1T UILU4S D4PuDUOD

(olelel 28 oocoe- oQoz - . ©00I- : o
T T I A

‘UOL "X UIWOW

w

St = 'S0 v ‘HIg NIWIDIAS




RECEE
"SI'd - 23 NIVILS ILIZDONOD -IVdIONIZId 3IOVA3AVY 65 'S D14

wWivdAqSo4o1u ¢TI WUIDAJS VAP AIMO D

ocos ooc ool ° ool -
] i
i "
.
. 0
3
L o
—oz T
. 2
" 8
= —10o<
g
3
B
B —1ov
ST =¢ '$°'03 W 'Slg N3WD34S
£ -10%
| | ¥ s




0006

Sl'd - 101d NIv3aLS -133LS “IvVIIldAL  "09°S 'Did
SuUloU4{SosI 'Sulou4s 2245
0008 ©OOL 0009 000% 000+ ©00T oooT Onw.o_ o 000!~
T I | | ] TS |
~ Q|
¢'oN @bnob uwuiss ¥
,'ON abnob uiou4s . \ W
Shas¥ 'S0z v ‘sigd N3IWIO3LS 4oz w
suoiqisod abnoo 3
¥ . b 2
q V- T
™ f “+0¢. )
)
S L ?
- 9 Tot ”.U..
|
Tos
N\
ol /eeo
“T-09
| | _ | | | ] _ _




£9°8229
G6°T685
LT°6STS
£9°86TY
eI METE
€L°82T
69
00°0

L

*GTd SUTRIJS TO99S % UOTF08IT( UTBIJS ©3840uc) oTdToUTId §T°G OTqE]

99°LES
Me8sT

72 *8LT,

c0°66
gz 6L
A
00°0

9

€9°%L52 -
88°esT TV LLGT
TLoGEY TELBT
08°6T~ 6%7°89TT
cE°69 8L°eEL
06°6~ 0T *96¢
06°6- £6°80T
96 T7°69
00°0 00°0

g L §

SNIV4LSOHOIN

SNIVHLS THHLS

G0°248E
99°168¢E
ST eNle
1062
TG osh
eT°68
00°0

€

Lg° S8
LO°60TT
02°98¢€
XA
00°0

4

- Loete-
= g0 =
- f1620° -
= geso°-
LE*60TE  2%80°~
02°010% AN i S
9%° €99 gele -
2e°69 TGl -
00°0 =
1
AZ usl
HOVHHAY

riese
6£°le
68°92
06°"e
C6°6T
16°%1
96°6
86°Y
00°0

NI*NOL

b4
n



PLATE 5.20

PLATE 5.21



ol

——

QI'd - 10Td JANLVAIND INIWOW

gO1 X -y DANJVAAND
£ S S v T

"19°sS

"oi4

'0

—

I ) 1 !

T ANIOd 1V JANLVASIND
oooum\ ‘S.:0=z7 919 NIWIDILS

|
0
)

4udwop

‘uoL "x W

|
o}
1.
Ul

106




Ql'd=-13 107d NIvVILS ITJLIAODNOD “IvdIONIId ITDOVAIAV "29°'S D4

000 -

"SUIDJ4S0uDIW 179 ' SUIDJ{S D434DU0D
0005~ ocooT- 000! -

o9 :g ‘S'0=v ‘913 NIWIDISS

g ! 1
0
n o 2

‘U rUoLl ‘OC N 4qudwWOol

!
)
<




Ql'd - 23 L01d NIVILS FL3AONOD “IVvdIONIAd

oo -

SUIDAPSOAD IV T3 HIDAJT B AIUOD

FOVAIAY €9°'C "Did

007¢ lele] i , mv felo]l B
| | ;
i TO\
Z
2 Toz 0
. 3
(]
J
+
— T ot

©°9 :¢ ‘sz0o=v I3

N3IWIDIJIS

Ut Cu9L "X W




S

‘Bl'd - LO07d NIVILS —133LS IvOIdAL "$9°'S "4
SUloa4{SoDIW ' SUWLI4S 1224S
0006 ©0O08 0oL 0009 ©00s Ooop Q00 0002 000 o o00I-
T T T T T T T _ [
suoi{isod 3dbnoo
P
EF.ﬂ// V.H\ ooho
/ ﬂ
> 3
3
P \ n
€79 w.
L 4 z
_ ]
lllg *
o
of ,
5
S 'ON 9bnob uoiys ¥
L'ON 9bnob uiou+4s .
009:%'S.0=+w 91 NIWIDILS
| | | | 1 |




65°28L¢
%T°96¢1
L2 6801
I%°6S
99°%¢
68 ¥l
06°6-
00°0

8

91d SUTBIIS 9935 B UOTIDAATQ UIRIS 933adu0) o7dIdoUTay

Y€°S20Y
86°6€£S¢
€6+TYET
€8°S%61
%2°66ST
G E911
19°8%9
S6° Y~
S6° -
S8 Yi-
9L YT~
00°0

L

86°TIGEE
L2°8691
€9°€STT
LT €89
08° %€
08°61
S6°Y
00°0
00°0

9

06*1¢8

CI*611IC  %Z°%8S
00°8T2T  T1S°49SY%
TL°TY8 168
T9°S9% c1°68
08°61 06°6~-
06°6 08°61~
00°0 08°61~-
00°0 08°61-
00°0 00°0

S Y
SNIVYLSOYIIN

SNIVILS 'T4ILS

[AARY T4
€8°CHLT
19°L5¢C1
65°CSL
G8°€29
6S°9%¢
#4841
06°6
00°0
00°0
00°0
00°0

€

8L°0661
96°qov1
6%°8911
9%°€99
[ANRTA '}
20°66

08°61-
19°6€~
19°6€-
19°6€-
19°6€-
00°0

[A

91°G °Iqel

06°L271 heLe: -
68°6¢01 88%¢* -
S6°6101 GZ91° ~
LO*E0L 1L20° -
€9°h%s L0Z0° -
65°9LET 0%50° -
00°90%~ 9290° -

TL°6C~ 8€8¢°~
16° 6%~ 000¢ * -
IL°6C- L%ST -
I%°65- 999¢° -
00°0 -
T
Az ue
HOVIIAV

1€°¢e
16°1¢C
91°1¢
L9°61
81°L1
69 %1
0c°?1
1L°6
A A
€L°Y
et
00°0

- NI*NOL -

7




- O

Zl'd - 107d  3IINAVAIND  INTWOW ‘S9°S Sig

Ol X ,cuy dangoAany
.o.m»v £: o 2

T LNIOd 4V 3anivAzan

oom ¥ 'S0 =713 NIWIDIIS

-l oS




o000t -

"99°'S "OId

Li'd =13 NIVALS ILIAINOD “IVHIONIDd IOVIIAY
SUIVAJSOAMDIW |7 WUIDAYS D30A4A2U0 D
000% ~ ooo?C - Q00! -~ i
1 T I
. —o1
Z
©
3
N
2
B ez T
= Z
s ) B
= ~os 2
3
3
& 1ot
N3IWID3SS

06 :¢/ ‘s.o=vw ‘%3




Zl'd-23 NIVILS ZL3AONOD IVdIONIId [OVAIAY °L9°'S DIl

SUIDAISOADIMU 3 UIDAJS PJ242U0D
ooe + o0l +

Q0| -

06 ¢ ‘s.o=w ‘LI3 NIWIDIALS

ol | |
) Q o

UE'UOL LT W AUD WO

]
o
¢




Lid

SuIou4S 0oJO

NIVAILS "133LS "IvoldAL

'SWDJ4S

"oid

o008 cool Q009
T T |

suoi4isod @bneb

Liitag
3 -

ﬂll.l

L 8

U— ¢ _.__:.S_‘

T 'ON Umaﬁmu UIDJ4S
9 ‘oN 3brob uvu4s

SX<)

o

"S-0=xvw Llgd N3IWIDILS

"IN AUDWOK]

uo Ll

U




[1d SUTBI3S 993§ % UOTIVDITQ UTBIIG 3331du0) 91drouTag

-

¥9°28L1
20" 1191
€9°96GET
88°8¢11
2¢°168
L1°€69
TL°SEY
€9°8¢1
9s°* vy
19°6¢€
06°6
00°0

L

(AR YA
89°¢LLT
19°6L%e
%2°80C¢
SI°2181
1%°LLTT
%2°066
LE°LIT
2E°69
15° 6%
1L°62
000

9

- £9°%%S

- €L HES

- €8°%2S

- ce=S8Y

- I%°S9%
S6°SThI 1%°S9%
VA VAN 16°6SY
2T L6CT 9%°09%
LT° 6601 16°GSY
IL°1%8 19°ShHY
LE°ELY 06°S1Y
LT°08Y 99°LET
L0°L62 00°90%
i%°6S 19°6€
19°6€ 1.°6C
1.°62 19°6€
08°61 IL°6C
00°0 00°0

S Vi

SNIVIISOUOIN

SNIVYIS T3ALS

L1°€69
§8°€¢C9
hG*HsS
e SLY
19°99%
06°S1Y
{1°18¢
86°90¢
L0°L6T
LE*L92
9L°L7C
68°L1e
9L°L2C
€9°8ET
08°61

08°61

08°61

00°0

€

08°52Y
6€°99¢
02°98¢
65°9%¢
6%°9S¢E
6C°9L¢E
¥z 8Ll
€L°821
€L°8C1
20" 66
Zi 6L
19°6¢€
15°6%
19°6¢
1%°6S
9% %S
16°6%
00°0

4

LT1°S @1q9elL
- 1€80° -
= 9/80° -
= LL80" -
c1°68 %680° -
¢1°68 6660° -
¢0°66 £160° -
¢t 6L ¢880° -
16°6Y- 1260° -
19°6¢~- 1660° -
19°6€~- 91¢1° -
1L°62- €LI1 -
19°6E~- YA
TL°6C~- GLST -~
08°61~- 620€° -
00°0 6£9C° -
06°6 £Ee9 -
06°6 991%* -
00°0 =
1
Az ue3a
JOVIIAV

%8°9¢
01°9¢
68°S¢
09°s¢
GE° ST
G0°S¢
06°%¢
S8* T
9€°2¢
L8°61
8€° L1
68° %1
0%°21
16°6

Ly L

€6°Y

VA

00°0

NI*NOL

X
R



134.

range in the E2 plot in Fig 5.67 but other values of curvature
and strain in Figs 5.65 - 5.66 and 5.68 respectively give

good plots. Cracking was again at a moment of 10 ton.in and
Table 5.17 shows Y to be less than 2.5° for most of the

test. Maximum curvature and concrete strain values were

14.69 11;1::104 and 2777 microstrains respectively.

5.3 General Moment test series

5.3.1 Description of general test procedure

Once the test specimens in this series had been
set up as described in 4.4.2 care was taken to level the element
before the cross beam was jacked down onto the prepositioned
loading blocks on the channels. Slight jack pressure was
applied and the wooden packing pieces holding the element
level were removed. Zero readings were then taken from all
strain gauges, deflexion gauges and proving ring. As in
the plank test series about fifteen load increments were
applied before the ultimate moment was reached and
deflexion increments controlled loading after yielding of
the reinforcement occurred. When deflexions were excessive
the dial gauges were reset by sliding the dial gauge
grid down on the 1/2in. bars described in 4.4.3(c).

5.3.2. General method of presantation of objective

observations.

The presentation of results in this test series was

more difficult to achieve than in the Plank test series. As
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described in 4.4.2. the main controlled variables were B, the
angle of the reinforcement mesh to the X and Y directions add
the ratiosbetween bending and twisting moments. As previously
described in 5.1 a computer program was written to convert
experimental readings into corrected observations. Thus

steel strains in the bar directions, principal concrete
strains and directions, concrete strains in the bar directions
and principal curvatures and directions were all obtained.
However, whereas in the plank test series the principal
strain direction was constant throughout each test and moreover
was forced to coincide with the span direction, in this

test series there was no attempt made to force any principal
generalized stress or strain direction to coincide with any
other direction. Indeed, although at failure the principal
moment direction could be said to be a function of the lever
arms producing bending and torsional moments alone it would
be very inaccurate to ignore the dead weight of the slab and
clamp system at low loads near cracking. This point has been
made previously in an analytical context in Chapter 3 and

can now be referred to experimentally. The self weights

af each slab were recorded before each test and an average
weight over all the specimens was found to be 353.8 1lbs.

with a maximum variation from the mean of 2%. Using this
data in conjunction with the weights of the steel clamp

* L *
system it was estimated that a maximum moment of 0.18 kip in/in

* Footnote: 1 Kip = 1000 1b abbreviated as k
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acting over the centre of the 36in. slab element in the X -
direction made up the dead weight moment of the system.
Because of the symmetry of the system no dead weight torsional
moment existed and because of the rigid clamps no dead

weight bending moment in the Y direction existed. Thus this
dead weight moment influenced only the bending moment in

the X - direction and not the torsional moment.

Further assumptions must be made in order to
calculate the magnitude and direction of the principal applied
moments. Because of the restraint in the Y % direction due
to the heavy clamps, moments, M&, may have been introduced
into the system by virtue of Poisson ratio and associated
elastic constant effects. These effects are discussed more
fully in section 7.2 and it is shown in this section that
it is a good approximation to assume that My =0, In
addition to the conclusions reached in 7.2 it may be pointed
out that Lenschow and Sozen[éélhave assumed that Poisson
ratio,effects are insignificant in a cracked reinforced
concrete slab.

Accordingly the bending moment Mx can be expressed
in terms of W, the load in tons measured by the proving

ring at one support point as

Mx -E.S xWx 2.246 + 0.18] k.in/in (5.1)
36

whereas the torsional moment Mxy can be expressed as
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M = Wx 2.24 x Ta k.in/in (5.2)
= 36
where Ta = 3in. 11.25in. or 17.5in. according ¢o the lever

arm set.
Thus the angle © between the X - direction and the principal
moment direction is given by
- (5.3)
tan 26 ZMx

M
X

and by substituting equations (5.1) and (5.2) into equation
(5.3) it can be seen that tan 26 is a non linear function
of W. Fig 5.69 illustrates how the direction of the
principal moment © varies with the load for each of the
three types of torsional moment lever arm used. The values
of the principal applied moment My and M, are also affected

2

by the dead weight moment and they are expressed as

M
MMI= = 1L VT v 87 (.4
M

Fig 5.70 and 5.71 illustrate the variance of M and M2 with
W, respectively. These graphs are used to convert the proving
ring load reading W, directly to Ml’ Mé or tan 26.

Because of these directional variations between
the variables the results have been presented graphically
by plotting the load W in tons measured by the proving ring
against the directi-ns of principal moment, drawn as a

continuous curve from equation (5.3), principal curvature

and principal concrete strain relative to the X - direction in
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the form of tan 26, tan w and tan 2y respectively. ©

is the angle between the direction of maximum principal moment
and the X ~ direction, w the angle between the maximum principal
curvature direction and the X - direction and as in the plank
test series, y is the angle between the maximum compressive
principal concrete strain direction and the X - direction.

These angles are shown diagrammatically in Fig 5.72 and are
measured clockwise positive from the principal direction to

the X - direction as in the usual Mohr's circle notation. The
average measured crack angle { defined in Fig 5.72 is also represented
in the plots of principal directions.

The figures described above showing the variations of
principal directions with load are presented individuglly for
each specimen. However further graphical presentation of
results has been carried out in a more directly comparative
manner. Thus plots of load, W, against maximum principal
curvature and maximum principal compressive concrete strain for
several slab elements have been combined. The torsional lever
arm, Ta., producing the torsional moment Mﬁy has been used
as a constant in each combined graph. Consequently Fig 5.91
and Fig 5.92 for instance show plots of load, W, against
maximum.principal.curvature and maximum principidl compressive
concrete strain, respectively, for specimens TBl, TB2, TB3
and TB28 (which have a mesh angle B of 00, 300, 45° and
67.5° respectively) all of which have a degree of orthotropy,

p =1 and are acted on by a torsional moment with

a lever arm Ta of 3in. Similar graphs are presented
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for the nominally isotropically reinforced elements acted
upon by torsional moments with lever arm values of 11.25in
and 17.5in. Results from specimen TB3l, which was a repeat
test of TB7, have been presented in the same figure as
results from TB7.

For specimens with a nominal u value of 0.5 the
principal curvature and principal concrete strain plots
for each torsional lever arm value have been presented in
four figures to avoid confusion. Six slab elements were
tested under each of the three torsional lever arm values
and thus for Ta = 3in, TB10, TBl1l and TBl12 have been
represented together and TB13, TBl4 and TB25 (B= 1350) have
been represented together. The results from the other
twelve specimens with y = 0.5 have been presented in a
similar manner.

The minimum prineipal curvature values and minimum
(tensile) principal concrete strain values have been tabulated
for each slab and presented with the figures as have the
steel strains.

Plates illustrating the crack formation at failure
and diagrams showing the positions of each steel strain gauge
are presented for each specimen. The order of presentation
is therefore arranged in section 5.3.4 so that the plates
precede the individual graphs of load v. tan26 etc. associated

with the combined graphs for any particular torsion arm value.
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Tables of results for the relevant specimens follow each of
the associated individual principal direction graphs and
finally the combined figures showing principal curvature
and principal concrete strains for those particular slab elements
are presented.
From the figures and tables in this section it is
possibkte to find the moment, curvature and concrete strains
in any direction on the slab.

5.3.3 Presentation of steel strain observations

Steel strains have been presented in tabular form
in section 5.3.4 for this series as a complete plot would
be required for each slab element if an unconfused diagramatic
representation was to be made. The other figures describing
curvatures and concrete strains indicate the general behaviour
of the slabs sufficiently clearly so that steel strain plots
have only been illustrated for typical examples of specimens.
Fig 5.73 - Fig 5.82 show the strain gauge positions relative
to the reinforcement mesh for all the various angles of mesh.
The numbers of gauges in these figures correspond to the
gauge numbers indicated in the tables showing steel strains
and can be compared directly for any given mesh angle with
varying bending and twisting moment ratios. As a typical
example of steel strain comparison all specimens with mesh
angle B = O for both p = 1.0 and 0.5 have been represented

by one particular gauge in the lower (main steel) layer or
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a = direction and one gauge in the upper layer or b - direction.
Figs 5.83 - 5.86 show the pbLotsof load W against the steel
strain in both sets of bars for these slab elements with
B = 0. Fig 5.83 shows the strains measured by gauge no. 7
which, as Fig 5.73 shows, was positioned near the centre of
the element on the lower layer of reinforcement for the
relevant isotropically reinforced slabs. In this case,
in which the a - direction or lower bar layer direction
coincides with theX - direction a direct comparison of the
strains can be made for each torsional lever arm. The
bending moment Mx acting in the bar direction is proportional
to the load ¥ as shown in equation (5.1) and thus the
differences in the characteristics of the plots reflect the
higher principal moment value for a given load W as indicated
in Fig 5.70 for larger torsional lever arms.

The average yield strain of 1370 microstrains obtained
from tensile tests on the steel as described in section 4.2.5
has been plotted on each graph and it can be seen that full
plasticity of the element did not occur at this strain in the
case of specimens TB4 and TB7 un which the yield lines are
formed so that both sets of bars are playing a significant
part in resisting applied moments, In the case of specimen
TB1 however in which the angle of the yield line to the
X - direction is close to 90° it can be seen from Fig 5.83

and Fig 5.84, which shows plots of b - direction or upper
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layer steel strains, that yield of the lower bars occurred
at about 1370 microstrains and very little increase in load
occurred after this point. The upper layer bars did not
reach the yield strain as they were not acting across the
yield line.

It must be remembered that these strain plots cannot
be interpreted directly as stress-strain characteristics.
Because the yield load is reached and therefore remains
fairly constant it cannot be said that yield of any particular
bar has occurred. The only measure of yield that can be
applied is the exceeding of the average yield strain of any
gauge point. Fig 5.85 and 5.86 show steel strain plots
for the specimens with u = 0.5 and B = 0. Similar behaviour
is evident in this case. TBlO (Ta = 3in) exhibits the same
characteristics as TBl with the b - direction steel not
reaching the yield strain whereas the strain plot for TBL5
(Ta = 11.25in) in Fig 5.85 shows considerable evidence of
restrained plastic flow after the yield strain was reached
in the lower layer bar. The bars in this layer reached
yield at a load, W of about 2.45 tons from Fig 5.85 whereas
by inspection of Fig 5.86 it can be said that the strains
in the transverse direction were still below the yield
strain at this load. It can be seen that bars in this upper
layer reached yield at about 2.74 tons whereupon unrestricted

plastic flow occurred as indicated by both Fig 5.85 and 5.86.
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A similar phenomenon can be seen to have occurred in the case
of TB20 (Ta = 17.5in) although the load differences between
lower and upper layer yield were not so great.

Evidence of the difficulty resulting in the comparison
of strains at a particular point due to the critical influence
of the exact position of a crack or yield line relative to
it occurs in Fig 5.83 and 5.84 where for the same gauge the
plots of TB7 and TB31l, which were duplicate tests, are
significantly different.

Some gauges failed due to breakdown of insulation
or excess strain and dashes in the relevant tables in section
5.3.4 signify the failure of a gauge.

5.3.4 Description of Individual Tests and presentation

of objective observations

a) Isotropically reinforced slab elements

TBL, y =1, 8 = 0°, Ta = 3in.

In this first test which was the nearest to a normal
bending test on a slab with longditudinal reinforcement the
first cracks appeared at a proving ring load of 1.16 tons
and it can be seen from Fig 5.87 that at this load the
principal concrete strain and principal curvature directions
varied from the principal moment direction by approximately
- 3% and + 2° respectively. As loading proceeded towards
failure it can be seen that the principal concrete strain

direction remained at a fairly constant value and at failure
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was very close to the average measured crack angle ¥, varying
from the principal moment direction by an gngle of about
- 4°, The principal curvature direction however is seen
to exceed the principal moment direction by an angle of about
2.5% at failure. Although these values may be small they may
be explained by the mode of failure of the specimen. Plate
5.22 shows the crack pattern at failure and it may be noticed
that although the angles of the cracks to the Y - direction
are of the order of 8.5° the main yield line is almost
perpendicular to the X - direction and in fact ran along a
reinforcing bar in the transverse direction. This yield
line lay outside the central test area and may have been
influenced by stress concentrations near the clamps. Thus
the curvature measurements were taken within the central area
where cracks averaged an angle of 8.5° to the Y -axis. The
average angle of the crushing lines was however 5.25° which
corresponds closely to the final value of 5.6° from Fig 5.87.
The occurrence of cracks of obviously varying angles in
which one only may lead to failure will be dealt with more
fully in Chapter 7 where the strengths, stiffnesses and
general slab behaviour are dealt with in a more comparative
and analytical manner.

Figs 5.91 and 5.92 show the plots of maximum principal
curvature and maximum principal concrete strain respectively.

1

Loading was ceased at a curvature of around 73in x103 which
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corresponded to an average principal concrete strain of 2,500
microstrains. The values of curvature and concrete strain
indicated in Fig 5.91 and 5.92 which correspond to specimens
tested under a torsional lever arm of 3in. were smaller than
expected and were due to the fact that in many cases in which
Ta = 3in, although yield took place, a certain amount of
rotational instability occurred because of the inherently
unstable loading condition when the reactions and loading
points lay very nearly in a straight line.

Table 5.18 shows the tensile principal concrete
strains and curvatures and steel strains associated with the
specimen.

TB2, u=1, B = 300, Ta = 3in

In the first slab with inclined reinforcement
cracking again appeared to take place at a load of 1.16 tons.
However Fig 5.91 and 5.92 indicate cracking, by the first
slope change, at about 0.7 tons. Cracks were fairly evenly
spaced at about 3in. centres. Fig 5.88 showing the plot of
principal directions indicates that although the curvature
and concrete strain trends appear to agree more closely
than in TB1 the values of W, the principal curvature direction
and Yy , the principal strain direction exceed the value of 8,
the principal moment direction by a maximum of + 4.6° and
+5.8° respectively before yield. After yield the curvatures

of W and y approach closely the direction of the principal
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moment. The measured angle, y, of the cracks however had a
value of 4.5° less than the principal moment direction ©
which is of a similar order to that measured in TBl and is
also shown in Fig 5.88.

An important point noted in this and most other
specimens was that almost all cracks began at a point where
a bar met the free edge of the slab. Further reference to this
behaviour is described in Chapters 6 and 7, Table 5.19
indicates the tensile principal concrete strains and curvatures
and the steel strains recorded and Plate 5.23 illustrates the
crack formation at failure.

T3, p =1, B = 45°, Ta = 3in.

In this test inaccuracies in test set up caused the
loading to be discontinued at a proving ring reading of 2.24
tons as the tilting of the slab mentioned above became excessive.
The element was reset and the test carried out
successfully to failure although of course the element had
already cracked. Both sets of results are presented in
Figs 5.89, 5.91 and 5.92. Fig 5.89 shows the plot of
principal direction variation. For the first part of the
test on an uncracked section the principal curvature directions
appear to follow the curve describing the variation of the
principal moment direction with load upto the cracking load
of 0.75 tons obtained from Fig 5.91 and 5.92 as before. After

this load the values of w have a slight trend away from the
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principal moment curve but approximately at a constant difference
of 2.6°. The principal concrete strain direction however

does not appear to follow the principal moment curve but
maintains a near constant value after cracking at a vilce

of 6.6° less than ©. Reloading in the second part of the

test appears to have made the concrete strain directions and
curvature directions coincide more closely although at

yield the principal concrete strain direction approached closely
the measured crack angle whereas the principal curvature
direction approaches closely the principal moment direction.

Fig 5.91 and 5.92 show that the slopes of the plots for TB2,

TB3 and TB28 are very similar. Plate 5.24 shows the crack
formation at failure and Table 5.20 the steel strains and
tensile principal concrete strains and curvatures.

TB28, u =1, B = 67.50, Ta = 3in.

This slab element was tested after the main series
to TB24 had been completed. It was included to ensure that
assumptions made generally about symmetry in isotropic slabs
were justified. Fig 5.90 shows clearly that the principal
direction variations appear to be significantly different
from the previous elements. The principal directions of
all three variables are in close agreement up to a load of
approximately 0.8 tons corresponding closely to the cracking
load indicated in Figs 5.91 and 5.92. After this load the

directions of both curvature and strain decrease significantly
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in varying degrees. The principal curvature direction becomes
positive just before yield but after yield again becomes
positive and with the principal concrete strain direction
converges on the measured average crack angle. This angle
can be seen to vary from the principal moment direction by a
value of -7°. Plate 5.25 illustrates the crack formation
and it was again noted that most cracks generated from
a point at which one or more bars met the free edge. Table
5.21 indicates the tensile principal concrete strain and
curvature and steel strain variation.

It is interesting to note that the measured
average crack angle Yy was progressively smaller with increasing
values of mesh angle B. Values of tan2V for TBl, TB2, TB3
and TB28 being 0.25, 0.21, 0.17 and 0.16 respectively.

TB4, w =1, B =0°, Ta = 11.25in.

This was the first slab tested under the intermediate
torsion arm condition. Plate 5.26 shows the crack formation
at failure. It can be seen that the cracks are very
closely spaced and tend to cross into each other in places.
(The cracks did not appear to all form at the same time, but
over about four load increments) However, the general
crack angle is indicated in Fig 5.93 as is the principal
direction variation. Although in this case more scatter
in results is evi&ent the directions of both principal

curvature and principal strain appear to have been close
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to the principal moment direction just before yield. The
principal curvature direction approached the measured crack
direction closely at failure. The measured angle was approximately
7.1° less than the principal moment direction at failure. Fig

5.97 and 5.98, the principal curvature and strain plate
respectively indicate the two-phase yielding of the reinforcement
layers by the elasto-plastic characteristics just before

full plasticity occurs. Table 5.22 again shows steel strains

and tensile principal strains and curvatures.

TB5, u =1, 8 = 30°, Ta = 11.25in

This was the first slab in which any bond effects
were noticed. Failure was reached at a principal curvature
of approximately 9.5 in_lxlo3 and was accompanied by a drop
in the praving ring load value of 0.04 tons as indicated in
Figs 5.97 and 5.98 and in Table 5.23 of steel strains and
tensile principal concrete strains and curvatures. In this
case it is evident from Figs 5.97 and 5.98 that the ultimate
load had been reached before spalling of concrete at the
slab edges caused a slight reduction in load carrying capacity.
Cracking occurred between 0.5 and 0.75 tons and cracks were
evenly spaced at about 3.5in. centres as indicated in Plate
5.27. Fig 5.94 shows the principal direction variations.

The directions of principal curvature and principal strain
appear to follow similar parallel curves gradually increasing

up to failure at which both values closely approach the
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measured crack angle which was at an angle of 6.4° less than
the principal moment direction to the ¥ - direction.

TB6, u =1, B = 45°, Ta = 11.25in

Fig 5.95 illustrating the principal direction
variation shows the similarity to TB5. In this case the
principal curvature direction plot particularly indicates a
decreasing angle trend up to yield where the value of
tan 2 wcoincided with the measured crack angle which can
be seen to differ from the principal moment direction by an
angle of - 14.6°. After yield however the directions of both
principal curvature and strain increased towards the principal
moment value at failure. It can be seen in Figs 5.97 and 5.98 that
the load sustained by this element exceeded that of TB5 and
Fig 5.98 particularly indicates the smaller slope of the
characteristic in the post-cracking - pre-yield range. Plate
5.28 illustrates the way that the crack spacing was not so
constant in this specimen.

TB29, p =1, B = 67.5°, Ta = 11.25in

Unlike TB28 there was no tendency for the wvalues
of tan 2 Y to reduce after cracking. Fig 5.96 illustrates
the differences in principal strain and principal curvature
values before cracking at about 0.75tons. The principal
curvature values followed the principal moment curve closely
to cracking whereupon the direction reduced to a value close

to the principal strain direction. The plots of both strain
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and curvature agree closely up to failure, the directions
remaining fairly constant. The value of w and Y dndicate

a difference of about 2.5° with the measured crack angle.
Plate 5.29 illustrates the crack formation. In fact the
predominant crack only cross the lower layer bars. Table

5.25 and Figs 5.97 and 5.98 show the fall off in load

which could indicate a bond failure after considerable plastic
yield.

TB7, u =1, B = 0°, Ta = 17.5in.

TB7 showed high ductility up to failure, the principal
curvature of ultimate moment being 12.5 in-1x103. Plate 5.30
shows up this twist at failure. Plate 5.31 illustrates the
fine spacing of cracks, no particular yield crack appearing
to have dominated the failure mode. Fig 5.104 and 5.105
clearly indicates the range in which the main set of
reinforcement bars in the a - direction had reached yield
before the upper layer of bars. Fig 5.99 shows how the values
of tan 2y and tan 2w although not following the principal
moment curve exactly increased up to a point which corresponds
to first yield, whereupon the curvature direction plot decreases
towards the measured crack angle whereas the strain direction
plot increases and at failure exceeds the principal moment
direction by 2:6", -Table 5.26 shows the variation of steel
strains and tensile principal concrete strains and curvatures

with load.
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TB8, u =1, 8 = 30°, Ta = 17.5in.

Again as Plate 5.32 illustrates the cracks were
finely spaced, none predominating in the failure mode. Fig
5.100 shows the similarity in behaviour between this specimen
and TB7 in relation to the principal direction characteristics.
Fig 5.104 and Fig 5.105 clearly shows the elasto-plastic
range between the yield of each sets of bars and the
difference in slope of the curve to that of TB7. Table 5.27
again shows steel strains and tensile principal concrete
strains and curvatures against load.

TB9, u =1, B = 45°, Ta = 17.5in.

Fig 5.101 again shows the tendency for the curvature
direction plot to approach the measured crack angle after
yield although in this case it increased to that value
after remaining fairly constant up to yield. The concrete
strain direction plot also indicates a constant value after
cracking and up to yield after which the direction again
increased. The difference between the principal concrete
strain direction and principal curvature direction before
yield was 8.6°. Fig 5.104 and 5.105 show the increase
in load capacity over TB8 and the slope difference. Plate
5.33 indicates the crack formation in which one yield line

predominated after fairly evenly spaced cracks had previously

developed.
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TB30, p =1, B = 67.5°, Ta = 17.5in.

In this case the plots of tan 2y and tan 2w agreed
more closely as illustrated in Fig 5.102. After yield both
curvature and strain direction increase away from the measured
crack angle., Again as Plate 5.34 illustrates there was a
tendency for one yield line to predominate after yield and
the drop in load at high curvature may indicate a certain
amount of bond failure well after yield as indicated in
Fig 5.104 and 5.105 and Table 5.29.

™31, u=1, B = 0°, Ta = 17.5°

This test was a repeat of TB7. Fig 5.104 and 5.105
show the close agreement between the two plots. Fig 5.103
again indicated the manner in which the principal concrete strain
direction and principal curvature direction diverge after
yield. The values of tan 2y and tan 2w remained close to
tan 28 up to yield. Plate 5.35 indicates the crack formation
at yield as as before the steel strain and tensile principal
concrete strain and curvature values are presented in Table

5.30.

b) Non isotropically reinforced slab elements

TB10, u = 0.5, B = 0°, Ta = 3in.

The first of the non isotropically reinforced slab
elements was also the first specimen to show evidence of an
increased crack angle over the principal moment direction at

failure. Fig 5.106 shows the value of tan 2w to have
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coincided with the measured crack angle just before yield
whilst the principal strain direction, which had lagged
behind the principal curvature direction approached the
measured crack angle after yield. The difference between
measured crack angle ¥ and 6, the principal moment direction
was only of the order of 1.8°. Plate 5.36 illustrates

the crack formation and it was clear that unlike TBl the
yield line crossed both sets of bars. This behaviour is
endorsed by the elasto-plastic range indicated in Fig 5.109
and 5.110.

TB1l, u = 0.5, 8 = 30°, Ta = 3in.

Fig 5.107 shows a greater increase in measured
crack angle over principal moment direction, although the
values of y remained fairly constant after yield whilst
the principal curvature dire-tion increased up to the
measured value. The measured crack angle exceeded the
principal moment value by 8.5%. Fig 5.109 and 5.110
illustrate the clear difference in slope of the curves
between cracking and yielding Plate 5.37 shows the crack
formation and indicates that one yield line predominated

at failure.

TB12, u = 0.5, 8 = 45°, Ta = 3in.

Again the measured crack angle exceeded the principal
moment direction by about 9° at failure as indicated in Fig 5.108

The values of y and w appear to have been close to © up to
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yield. Loading was dropped at a value of 1.86 tons, after
yield, as the slab element was fouling one of the dial
gauges. However on reloading the same yield value of 1.86
tons was attained. Fig 5.109 and 5.110 again shows clearly
the progressive slope change between TB10, 11 and 12. Plate
5.38 shows the crack formation at failure.

TB13, p = 0.5, B = 60°, Ta = 3in.

This was the first specimen in which any efadence
of the yield lines or cracks following the bar directions in
a 'stepped' manner. Plate 5.39 illustrates this tendency
occurring on one main yield line. Fig 5.111 indicates the
difference in plots of principal directions as compared to
those of TB. 10, 11, and 12. The general measured crack
direction exceeded the principal moment direction by only
1.8° and it can be seen in Fig 5.111 that the principal
directions of both strain and curvature reduced after
cracking and upto yield whereupon the values increase up to
the measured crack angle value as indicated in Figs 5.114 and
5.115. Cracking occurred at a value of 0.45 tons which was
significantly lower than that indicated in Figs 5.109
and 5.110 of 0.75 tons.

TBl4, p = 0.5, B = 90°, Ta = 3in.

In this specimen as indicated in Fig 5.112 the
measured crack angle and plots of principal directions were

less than the value of © at failure. The principal moment
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direction, 6, exceeds the measured crack angle by 3°. Plate
5.40 shows the crack formation at failure. Fig 5.114 and 5.115
show the high ductility of the specimen before failure.
Crushing of the concrete took place at a principal curvature
value of 13.8 in_1x103 and an idea of this curvature can

be seen in the side view shown in Plate 5.41.

TB25, u = 0.5, 8 = 135°, Ta = 3in

The plots of principal directions in Fig 5.113A and
5.113B show the considerable difference in values of ©,
and w, The values of both principal strain ana principal
curvature directions reduce from positive to negative values
of angle at failure. The measured crack angle was 11.7° 1less
than the principal moment direction. Plate 5.41 illustrates
the low angle af the crack formation. Fig 5.114 and 5.115
shows increased load capacity as compared to TB13 and TBl4.

TB15, u = 0.5, 8 = 0°, Ta = 11.25in.

Plate 5.43 illustrates the crack formation at
failure. Cracks were evenly spaced at about 3in centres
and yield involved both sets of bars as Fig 5.119 and
5.120 indicate by the progressive delineation of the
elastic region before full plastic flow. From these figures
first cracking took place at 0.6 tons. Fig 5.116 shows the
variation of Y ,w and © with load W. The plete of principal
strain and curvature directions run parallel to one another

up to first yield where the directions increased resulting
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in final curvature values 2.8° in excess of the principal
moment direction at failure. The measured average crack
angle however lay very close to the principal moment value

at failure.

TB16, u = 0.5, 8 = 30°, Ta = 11.25in

Again values of Y and @ gave a plot which leaves
the principal curve and shows considerable increase after
yield, approaching the measured crack angle closely at
failure. Fig 5.117 illustrates these trends. It is
interesting to note the differences in characteristic
between Fig 5.119 and Fig 5.120 when the plots of TBl6
and TBl7 are compared. The slopes during the cracked elastic
range are reversed in Fig 5.120. Plate 5.44 shows the crack
formation at failure and the spalling of concrete near one
edge of the slab. This spalling probably caused a certain
amount of bond failure and this effect is endorsed by
the load drop at failure indicated in Fig 5.120.

TB17, u = 0.5,,8 = 45°, Ta = 11.25in

As in TB13 there was definite evidence of 'stepping'
in the main yield line, the crack following the lower bars
at certain points in the element. Plate 5.45 illustrates
this phenomenon and also shows the other smaller cracks
adjacent to the main yield line. Fig 5.118 shows the
difference in principal curvature direction as compared

to the principal strain direction. The curvature values

reduce after cracking and up to yield whereupon they increase
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towards the measured crack angle. The differences between
Fig 5.119 and Fig 5.120 may be due to the stepping of the
yield lines.

TB18, u = 0.5, B = 60°, Ta = 11.25 in.

Again evidence of the yield lines having followed
the bars was noticed as illustrated in Plate 5.46. The
yield load was low as compared to other specimens described
previously. Fig 5.121 shows the similarity between the
characteristics of this specimen and TB17 although the final
direction of curvature, strain and measured angle were
considerably less than the principal moment direction. Fig
5.124 and 5.125 show the low slope of the plot during the
cracked - elastic range.

TB19, p = 0.5, 8 = 90°, Ta = 11.25in

Plate 5.47 illustrates the manner in which the
yield lines tended to follow the line of two transverse bars
just outside of the central gauged area. However the plate
also shows the other cracks generating from the two mentioned.
above and traversing the specimen at an angle. Fig 5.122 shows
the plots of principal directions and the measured crack
angle which was 10.1° less than the principal moment directdon.
Figs 5.124 and 5.125 show the principal curvature and
principal strain plots. |

TB26, u = 0.5,8 = 135°, Ta = 11.25in

As the plot of principal directions in Fig 5.123 and
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Plate 5.48 illustrate the principal directions and cracks were
at a low angle. The measured crack angle was 21.7° less than
the principal moment direction. The high curvatures at
failure indicated in Fig 5.124 caused excessive cracking and
consequent spalling at the edges. This resulted as before

in a load drop at failure but the ultimate moment appears

to have already been reached. Because of the manner in

which bars in both layers met at the edge a shear crack

formed causing the spalling mentioned, but not significantly
affecting the ultimate moment.

TB20, p = 0.5, B = 0°, Ta = 3in

Plate 5.49 shows the finely spaced, evenly sloped
crack formation. Fig 5.126 illustrates the manner in
which the principal curvature values followed closely
the principal moment curve, whereas the principal strain
direction remained at a smaller angle from cracking. Both
curvature and strain directions reduced after yield. The
measured crack angle was close to the principal moment value
at failure. Again the gradual flattening of the curve
in Fig 5.129 and 5.130 indicates the two stage yielding of
the two bar layers. The high curvature at failure of

1

16 in 'x10° indicates the high ductility of this specimens

TB21, u = 0.5, B = 30°, Ta = 17.5in

There was definite evidence in this specimen that

the crack direction changed at different stages of the test.
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Plate 5.50 shows the main yield line crossing smaller cracks
at an angle and a tendency to follow the bar directions

in a "stepped' manner. Fig 5.127 shows clearly the change

in direction of both principal strain and principal curvature.
Both measured crack angles (i.e. the smaller erack direction
and the main crack direction) are indicated in Fig 5.127.

The plots of tan 2y and tan 2w remain fairly constant after
cracking at a value close to the measured crack angle of the
first formed emaller cracks. At about first yield the values
of both y and w began to increase until at yield of the second
reinforcement layer they increased considerably towards the
main crack direction which lay close to the principal moment
direction at failure. Fig 5.129 indicates the high concentrated
curvature at failure of 12.00 in-lxloa.

TB22, p = 0.5, B = 45°, Ta = 17.5in

Again as Plate 5.51 illustrates that the mode of
failure in this specimen was very similar to that of TB21,
The principal curvature and strain directions approached
the original crack direction before yield, as shown in
Fig 5.128, before the values increased up to the general crack
direction of the main yield line. Plate 5.52 shows the
original cracks marked in for clarity. The main yield
line causing failure was again 'stepped' following the
lower layer of steel as it cwossed the element. It should

be noted that as in the previous case rapid changes of
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principal direction did not occur until yield. Fig 5.129 and
5.130 show the differences in ultimate load and slope
between the three slabs TB20, 21 and 22.

TB23, p = 0.5, B = 60°, Ta = 17.5°

Plate 5.53 shows that again there was significant
stepping across the slab element. There was however only
one main yield line at failure although other cracks had
formed previously. These are marked in Plate 5.54. Fig
5.134 and Fig 5.135 indicate that first cracking took place
at the low load of 0.2 tons. which corresponds closely
with the point on the principal moment curve in Fig 5.131
at which the principal strain and principal curvature
directions remain constant up to and after yield corresponding
with the measured crack angle. This angle was 10° 1less
than the angle of the principal moment at failure. The
lack of an elasto-plastic range in Fig 5.134 and 5.135 suggests
that only one or less bars in the lower bar layer took part
in the failure mechanism.

TB24, p = 0.5, B = 90°, Ta = 17.5in

This specimen showed similarities to the behaviour
of TB19 which had 8 = 900, Ta = 11.25in as illustrated in
Plate 5.55. Comparison of Fig 5.122 relating to TB19 and
Fig 5.132 shows the similarity between the principal direction
variations in the two specimens. The measured crack angle

was 9.5° less than the principal moment direction at failure.
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TB27, u = 0.5, B = 135°, Ta = 17.5in

Plate 5.55 shows the crack formation at failure.
As in TB26 shear affected the failure mode due to the
way the bars in upper and lower layers ddd not meet at
the slab edge. This is shown by the surface discontinuity
in Plate 5.57. The crack formed in this gap between the
bars and because of the lack of reinforcement at this
point shear cracks developed causing spalling and consequent
bond failure which is reflected in the load drop off illustrated
in Figs 5.134 and 5.135. Fig 5.133 illustrates the manner
in which the principal directions reduced after cracking
up to the measured crack angle which was 17.3° less than
the principal moment direction.

5.4 Summary of results

As explained in the introduction the object of this
chapter was to present the objective results only for each
specimen tested.

In the plank test series the attempt to restrict principal
strains and curvatures to the span direction was on the whole
successful. Although the planks in which the reinforcement
was only placed in one direction so that p = 0 did show
evidence of twisting as described in section 5.2.2 the values
of principal concrete strain directions did not exceed a 5°
variation from the span direction throughout the series.

In the general moment test series the variations in
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direction of principal moment, curvature and strain throughout
each range were illustrated graphically for all specimens.
Although results from the pre-cracking range were not
sufficiently numerous it was noticed that due to the low
values of strain and deflexion in this range subsequent
direction transformations were not as accurate as those in

the other ranges. Mre sensitive instrumentation would be
required to investigate the behaviour in this range thoroughly
and would not be suitable for the measurement of data close

to yield and at failure. However in most cases it was noted
that both curvature and strain directions coincided with

the direction of the applied principal moment up to a value
close to cracking whereupon there was significant variation.
The incidence of cracks following bars, sometimes resulting

in 'stepping' of cracks between bars, was noticed in elements
in which the principal moment direction was close to the

bar direction. In certain cases this 'stepping' phenomenon,
also referred to by Baus and Tolaccia[?éloccurred af ter

cracks had already formed at another angle to the X = direction.
The behaviour of the specimens was only influenced by shear
effects on the free edges in two cases where, because of

the location of adjacent bars at the edge an unreinforced

area occurred between them. This effect however only appeared
to influence load and curvature values well after yield.

The main influence on the ultimate moment and
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general behaviour of the specimens in both series was the
effect of non- uniform cross-sections caused by the placing
of bars. Unless specimens were made extremely large with
relation to the bar diameters and subsequent spacing or the
bars were made extrmihlg fine so that the effect of bar
placing was insignificant allowances must be made as both
Kwiecinskiézj and Lenschow and Sozentz-a-l have mentioned.

These allowances are made in the following
chapters (6 and 7) where the objective results presented
in this chapter area analysed more fully and comparisons

made between each specimen and existing hypotheses.



KEY TO PRINCIPAL DIRECTION GRAPHS

Principal concrete strain direction Yy

Principal curvature direction w

Average measured yield line orientation Y

Principal Applied Moment direction 6.



PLATE 5.22

PLATE 5.23
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CHAPTER 6

COMPARATIVE ANALYSIS OF RESULTS FROM THE PLANK TEST SERIES.

6.1 Introduction

In the previous chapter the objective results of
seventeen tests carried out on planks with various
reinforcement arrangeménts and concrete strengths (see
Chapter 4) have been presented. No attempt was made to
directly compare these results with each other and it is
therefore the object of this chapter to present the data
in a more subjective manner. The behaviour of each slab
is not only compared with that of other specimens but is
related to the reference framework of existing theories in
particular cases.

In most of the previous work carried out to obtain
a yield criterion for reinforced concrete slabs under
pure bending the normal ultimate moment on a yield line for
varying mesh orientations has been taken as the over riding
factor in establishing that criterion. In the case of
'dsotropic' slabs, variations of 157 in the ultimate moment
have been postulated and measured indirectly. This relatively
small percentage is greatly affected by the arrangment of
reinforcing bars within the slab and the necessity to
formilate 'effective' slab widths has met with some criticism
as deecribed in Chapter 2. The importance of this 'effective'

slab width in the analysis of the results will be indicated
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in the following section, 6.3.

Standardization of slab properties such as concrete
strength, which affects the ultimate moment, has been
carried out and tabulated in section 6.2.

6.2, Standardization of section properties

It is normally assumed that the ultimate moment of
a unit width of slab in which the reinforcement is layed parallel
to the uniaxial moment acting on it can be evaluated from the

expression:[§Q]

Moo .= UOAStdl (1 - k o oAst) (6.1)

udl

where the constant k is a function of the shape of the
compressive stress block at failure and the properties in
bending of a particular concrete mix. o, is the yield
stress of the steel, dl' the effective depth of the
reinforcement layer yielding; a, the cross sectional area
of steel per unit width; and u, the compressive strength of
the concrete measured by means of cube tests. Although
this expression thkes no account of the effect of the
orthogonal steel layer and implies therefore that a slab
reinforced and tested in the above manner acts simply as a
series of parallel unit strips the approximation involved
is of a small degree. Because the constant k is a function
of the concrete properties made up in turn of the properties

of the aggregates Morley [27] concluded that the same constant

could be used for all orientations of mesh. Thus in both test
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series, as the aggregates and hence the concrete mixes were alike
nominally the same k value can be applied to specimens to
forecast the ultimate moments of resistance in the bar

directions and hence standardize results.

The ultimate moments of four slab elements were used
to find the value of k. Pl, P8, P13 and P17 all had
reinforcement placed parallel to the span direction and
by using the values of d1 and u measured, it was found that
the average value of k, obtained by substituting these values
into equation (6.1), was 0.475. This value is considerably
less than the value obtained by Moriky.

The major factor affecting the ultimate moment
of resistance in the bar directions in each slab is the
effective depth, as described in section 4.3.1 and 4.4.1. the
slab thicknesses of each slab were measured and the cover to
the reinforcement checked in random samples. These values
of effective depth along with the values of cube strength
and steel strength tabulated in chapter 4 were used to find
the ultimate moments of resistance in the bar directions
from equation (6.1) and are tabulated in Table 6.l. for
the plank test series. Included with these values of m are
values of p 'the degree of orthotropy' which has been
defined as the ratio EB so that u < 1. It can be seen
that due to the effeciaof variations in cube strength and

thickness that although the 'isotropic' slabs have u values



Stab m Effecti

Sl:b= g° k?:i.n/ in ?E:me Wﬁtﬁ:;’viﬂ %i
P10 3.56 1.00 30 1.005
2 39 3.44 0.99 | 25.69 1.054
P3 45 3.38 0.99 | 24.34 1.059
P4y 3.48 0 30 0.877
P> 30 3.46 o | 24.25 1.030
P6 45 3.45 o | 16.97 1.282
7 60 3.52 o | 10.39 1.432
P8 99 3.44 .275 30 0.966
P9 39 3.40 275 | 22.56 1.258
P10 45 3.42 275 | 19.71 1.384
P11 o 3.36 274 | 20,26 1.319
P12 oo 3.47 275 | 31.5 1.062
P13, 3.29 .543 30- 1.032
P14 45 3.40 546 | 23.26 1.060
P15 45 3.25 42 | 22,95 1.099
P16 ¢, 3.49 547 | 24.66 0.905
P17 g9 3.41 545 | 32.37 1.001

TABLE 6 . 1

Ultimate moment values
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close to unity the other nominal u values of 0.25 and 0.5
are closer to values of 0.275 and 0.55. These values of
m and p are used in the presentation of comparative
results later in the chapter.

6.3 The effect of bar arrangement on the 'effective'

width of the slab

It is important that the effect of mesh orientation
on the ultimate moment and general behaviour of a slab
element is not masked by other phenomena. As mentioned
several times in this thesis the maximum enhancement of
normal moment across a yield line due to the orientation
of an 'isotropic' reinforcement mesh predicted by various
theories lies between 15 and 187 at a mesh angle of 45°
to the uniaxial moment direction. This extra moment
capacity can easily be hidden in tests by a combination
of the following effects.
a) Membrane action
b) Bond failure at the edges
c) Inherently weak sections due to the orientated
mesh within a rectangular framework.
The effects of membrane action can be effectively
prevented by the provision of strategic releases in the general
test system. These releases, described in 4.3.2 have been made

in the case of this test series.
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The other two effects are more directly significant
in most tests reported. Kwiecinskilzi]reported bond failures
at the edges thus reducing the number of bars actually
resisting the applied moment. However no hooks were
provided to enhance the bond and Lenschow and Sozen [29] who provided
hooks at the ends of their reinforcement reported no bond
failuress Contrary to this evidence however is that reported
by Prince 2 in which although hooks were provided into the
compression zone low values of ultimate moment were attributed
to bond failure. In fact the reason for the ineffectuality
of any bar, be it either from bond failure or from its
geometrical position at the edge is not of critical importance.
However its non-participation in the resisting of applied
forces must be taken into account in the analysis of results.

Lenschow and Sozen |:29].'=1nd Prince Dﬂ use 'effective'
widths of slab elements to convert total moments into
moments per unit width. However although it is said to be
the 'effective' width of the weakest section no detailed
information is given concerning the method of evaluation
of that width. In contraet Kwiecinski places particular
importance on the evaluation of the 'effective' width
of his slabs and it is on similar expressions that the
effective widths of the slabs in this test series are
based.

As described in Chapter 2 Johansens expression

for the normal moment of resistance on a yield line was
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derived from local equilibrium conditions on that yield
line and therefore took the form

m o=m coszw +u msin2 « (6.2)

This equilibrium equation considered a portion of
yield line of length b, say and the moment values m and m
refer to moments per unit width. Now a reinforcement mesh is
made up of an integer number of bars whereas Johansens
equations imply that non integer numbess of bars cross the
portion of yield line considered, By simple geometry the
number of bars crossing a given length of yield line b in.
at an angle = and spaced at slin. centres can be given as:

nl‘ = b cos «
5, (6.2)

and for bars crossing the same yield line at an angle
of 90 - « and spaced at 32 in centres can be expressed as

n2 = b sin «

:, (6.4)
Thus from (6.3) and (6.4)
b cosx = n, s
b sinx = ﬁz 82 (6.5)

Thus in a theoretical expression n; and n, need not be integer
numbers. However in practice there is always a whole number
of bars crossing the yield line.

Thus Johansens expression, equation (6.2) written

before cancellation of terms in the form

‘Q; xb = mbcosx cos®x +y mb sinx sin=
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can be expressed by using equation (6.5) as
m X b=m (nlsl) cosc + yum ansz) sinx (6.6)
where n, s, and n, s, are theoretical values. By using

experimentally observed values of n, s, and n,s, the expression

1 g
m X b" =m (nlsl) exp.CoS* + u m Onzsz) exp.sin= (6.7)

is obtained and by dividing equation (6.7) by equation (6.2)

1 .
b_ ™ (ﬂlsl) exp.cos= + p (n252) exp.sin= 6.8)

coszm + u sinza
where bl can be called the 'effective length' of yield line
or in this test series the 'effective' width of the slab
element. Thus by dividing the experimental bending moment
by the effective width b1 the moment per unit width can be
obtained.

The form of bl pregented in equation (6.8) gives
experimental results as a direct comparison to Johansens
equation. Kwiecinski b in formulating an expression for
an 'effective' width of slab makes a direct comparison with
his own theoretical expressions. It can be easily appreciated
that a different value of 'effective' width will be obtained
if an equation other than Johansens equilibrium equation
is used. For instance if the expression for moment at
failure on a yield line obeying the 'full kinking' criterion
described in Chapter 2 was used to derive an expression for

bl the result would be

' = (ays)) exp + y (%,5,) (6.9

Cos* + u sin«




172,

which will give different values of - for a given set of
values of n,, n, etc. than will equation (6.8). It is
therefore important when comparing theories and experimental
results to ensure that all expressions plotted are relative
to the same datum. Thus Kwiecinski, in plotting his results
on a mn,m v « set of axes, would hawve obtained different
values of ultimate moment had the effective width been

based on Johansens equation.

In order to compare experimental results of this
type with several theories it can be seen that it is strictly
necessary to plot the curves describing these various
expressions as relative to whichever expression has been
used in the determination of the 'effective' width bl. In
this chhpter all experimental results of this type and all
expressions describing other hypotheses have been plotted
relative to Johansens expression, equation (6.2)

6.4 Comparison of Results

This section is concerned with the presentation of
representative results presented in Chapter 5 in a subjective
form after allowance has been made for 'effective' width
differences. The effects of mesh orientation and degree of
orthotropy on

a) The stiffness af the element up to yield

b) The ultimate moment of the element.

are investigated separately.

In order to present the above effects in an easily
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comparable form it was necessary to estimate the 'effective'
slab widths using the techniques described in section 6.3.
Criticism of Kwiecinski's estimates was made on the grounds
that the need for personal experience in adjudging a bond
failure could easily lead to incorrect conclusions and it

is true that bond failures at the edges are difficult to
judge visually. In this test series described, bond failures
occurred on only one or two occasions and effective widths
were influenced mainly be geometry. However when bond
failures occurred they were accompanied by a drop in load
and thus a good estimate could be made of the incidence of
such failure.

Because the positions of the bars in the slabs were
known it was possible by careful observation after testing
to plot the main yield line positions onto a reference
plan of the reinforcement mesh and consequently evaluate
the number of bars acting at failure. Because little bond
failure occurred at high loads it is possible to assume that
the weak section was critical throughout the test and thus
the'effective' widths estimated at yield have been applied
to results obtained in other load ranges. The 'effective'
widths obtained from equation (6.8) are presented in Table
6.1 along with the ultimate moments values.

6.4.1 The effect of mesh orientation on the stiffness

of the element in the span direction before yielding

The stiffness of an element can be considered as the
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ratio of moment to curvature in a given direction during

any part of the loading history of the specimen. Thus

the effective stiffness of theélement changes at cracking
again at first yield and finally becomes approximately

zero when plastic flow occurs. Lenschow and Sozen [29] have
stressed the importance of variations in stiffness in as
much as it affects the rotational capacity of a yield line.
In yield line theory, in present use, no check is made on
the rotational capacities of individual yield lines. However,
strictly, these rotations must be known so that failure of a
yield line due to concrete crushing does not occur in a slab
until the final yield line has formed thus rendering the
slab a valid mechanism.

Both Morley [27] and Lenschow and Sozen [29] have
shown that the stiffness is a function of both mesh orientation
and degree of orthotropy. Both sets of results were obtained
from tests on elements subjected to uniaxial moment and
theoretical expressions were obtained assuming the bars to
carry only axial stress in their original directions.

Thus Fig 6.1 - Fig 6.4 illustrate the behaviour of
the specimens up to first yield. The effective widths listed
in Table 6.1 have been used to convert the plots in Chapter 5
to subjective characteristics. The figures show moment per
unit effective width plotted against curvature in the

X = direction.
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Fig 6.1 illustrates the effect on stiffness of
the mesh orientation for 'isotropic' slab elements subjected
to uniaxial moment. Although the stiffness before cracking
appears to have been tittle affected by the mesh orientation
it is evident that considerable difference occurred after
cracking although cracking took place at the same moment and
curvature value in all three slabs. Not only was the
stiffness affected in this way but also, as would be expected,
the curvatures at first yield became greater as the mesh
orientation incrased from 0° to 45°. Because of the
symmetry of the isotropic elements only mesh orientations
from 0° to 45° were needed to describe the behaviour at
any orientation.

Fig 6.2 shows the same characteristics as the
previous figure for u = O. Again before cracking occurred
the stiffnesses appeared to be similar although at cracking
there was not the same immediate slope change indicated in
Fig 6.1. P7, the specimen with a mesh orientation of 60° has
not been plotted as the cracking moment of the concrete
exceeded the resisting moment of the reinforcement.

Fig 6.3 shows the variation of stiffness for slabs
with p = 0.25. Again the stiffness becomes less with greater
mesh orientation upto a value near 60°. Although it is difficult
to appreciate in Fig 6.3 the stiffness of P12, B = 90° was

slightly greater than Pl1l, B = 60°. In this series it is
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noticeable that the stiffness of the specimens varied

before cracking as well as after and although the cracking
moment was fairly constant the curvatures increased with mesh
orientation. P12 however behaved somewhat differently than
the other specimens plotted in Fig 6.3. It can be seen that
although the stiffness before cracking was close to that

of P9, cracking took place at a moment value of ground half
that reached by the other slabs.

In Fig 6.4, describing the elastic behaviour of
specimens reinforced with y = 0.5, it can be seen that the
moment curvature characteristic of P13 indicates no cracking.
In Chapter 5 it was explained that this particular slab was
badly vibrated resulting in bond losses in the centre of
the slab before any load was applied. This lack of bond
had the effect of ﬁrecracking the specimen and leading
to the plot shown. The plot for Pl has been superimposed on
Fig 6.4 so that comparison can be made. Again it can be
seen that there appeared to be no difference in stiffness before
cracking for mesh orientations of 00, 30° and 45° although
both P16 and P17 with mesh angles of 60° and 90° respectivily
were less stiff before cracking. In this figure it is
noticeable that the stiffﬁess of P17, B = 90° was greater
than that of P16, B = 60° although at the same time less
than P15, B = 45°. The curvature at yield of the 90°

reinforced slab was however lower than that of the 450
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reinforced slab.

Lenschow and Sozen Eag] have derived expressions
describing the elastic behaviour of slab eleménu;subjected
to uniaxial moment. These expressions have been plotted
in Fig 6.5 and are indicated by the dashed lines. The
assumptions made in plotting these curves are the same
as those used by Lenschow and Sozen. Thus the distance
below the compressive face of the resultant steel force,
denoted in their work by dnb' has been taken as constant
for both layers of reinforcement and made equal to 2.125
in.which in a 3in. deep slab is the distance to the
interface between the layers. The area of steel per unit
width in the main steel direction has been made equal
to 0.037 inzlin. Es, the youngs modulus of the steel has
been taken equal to 29.5x1061b/in2 and Ec, the concrete
elastic modulus as 4.2x1061b/in2. In their expressions
Lenschow and Sozen have assumed that the stress in the
steel at a crack is equal to the average stress in the
steel between cracks. This assumption is not of course
correct and hence their curves describe a material which does
not have the discontinuity of slope at cracking associated
with reinforced concrete beams and slabs. Thus it is evident
that the values of stiffness obtained will be less than the
element stiffness before cracking but greater than the

element stiffness after cracking. The values of stiffness
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for all slabs after cracking and before yield are plotted
in Fig 6.5 also. As expected the theoretical values are
higher than those obtained from experiment. The values
obtained from all the non-isotropically reinforced elements
are considerably lower than those predicted. This is due
in the most part to the different slopes considered by
Lenschow and Sozen but may also be affected by the way the
bar resists stress. As mentioned earlier the theoretical
curves are based on an analysis in which the bars carry
only axial stress whareas Prince Eﬂhas suggested that
shear stresses are also induced. As implied in Chapter 3
this effect of bar shear stiffness would alter the
anisotropic properties of the element even in the elastic
range. However it is felt that this effect would be small
in this range.

These results relating to the pre-yield behaviour
of reinfoqud concrete slab elements subjected to uniaxial
moment have }ﬁcrgasgﬂuphe'information already presented by
some other authors. They were obtained both as a check on
previous work and for the purpose of making the whole test
series complete. As past work has shown, the stiffness
after cracking decreased with mesh orientation upto certain
critical yalues and generally followed a curve of the
type described by Lenschow and Sozen. However contrary

to these authors results there was evidence of stiffness
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differences before cracking. This was particularly apparent

in the case of p =0.25 and p = 0.5 as shown in Figs 6.4

and 6.5. There is no doubt that measurements of curvatures

and load are more difficult to obtain accurately in this

range and a special investigation may be required to clarify
the behaviour. A particularly interesting point can be
appreciated by inspection of the cracking moments and
curvatures. Figs 6.1 - 6.4 show that except in one case

the cracking moment for all specimens was faitly constant
laying between 0.9 k.in/in and 1.0 k.in/in. However especially
in Figs 6.2 - 6.4 it can be seen that the curvature at cracking
varied. This implies that, contrary to the suggestion

made in 3.3.1, the ciiterion at cracking is one based on

stress conditions rather than strain conditions.

6.4.2 The effect of mesh orientation on the

ultimate moment of the element.

Most recent research has been concerned with the
effect of mesh orientation relative to the principal moment
directions on the ultimate moment of the slab as reviewed
in Chapter 2. Several hypotheses have been put forward
particularly for slabs subjected only to uniaxial moment.
These fall approximately into two groups. The first suggests
that Johansens original hypothesis (equation 6.2) is acceptable.
This implies no moment enhancement with mesh orientation in

isotropic slabs because bars remain straight and carry only

axial stress. The second group of hypotheses suggest that
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because of local effect at a crack such as partial kinking or
bar shear stiffness the moment capacity is enhanced with mesh
orientation. Of the most recent authors Kwiecinski.ggl
Prince [37] and Baus and Tolaccia ['z:i_] fall into the second
category whilst Morley EZ?] and Lenschow and Sozen [29] fall
into the first.

As described in section 6.3 the effective width of
an element is greatly influenced by the orientation of
the mesh. The 'effective' widths of the elements presented
in Table 6.1 have been calculated with respect to Johansens
normal moment criterion described by equation (6.1). Thus
to present these experimental results in relation.t- other
theoretical criteria it is strictly necessary to also present
these expressions relative to Johansens expression. Fig 6.6
for instance shows the full kinking theory plotted in
relation to Johansens criterion. mn/mnj is plotted
against = which in this case of uniaxial moment corresponds
to B or the mesh orientation relative to the span.
3 is the Johansen expression so that

m. = m coszm + nminzc

nj

which corresponds to equation (6.1)
The expression describing full kinking is written

mo=m COS® + U m gin<

thus m/m., = coszx + sinzc
n' nj

cos= + y sin«
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It should be noted that by plotting the curves in this way
the Johansen expression always reduces to a constant at mn/mh.
= 1 for all values of y and hence acts as a datum.

The ultimate moment values obtained experimentally
and presented as relative to Johansens expression are
presented in Table 6.1 and plotted for varying p values in
Figs 6.7 - 6.10.

Fig 6.7 shows the test results in comparison
to the full kinking theory, the partial kinking theory[?ﬂ
and the strain compatibility theory [37] for u = 1. 1In the
case of Kwiencinski's partial kinking theory the curve in
Fig 6.7 describes the expression

mh’mnj = (V1 - Azsin2= ) cose + (VY1 - Azcoszt) sinx

coszc + sin2¢
where A= V2 - q
and p = 1,188
In the case of Princes strain compatibility theory the curve
described the expression
2

2 v g 2 2
COosS « + K181n « + 1 sin « + chos o«

my/m = @ + 3K Pran’e) (1 + 3K, cos”=)}

2 » 2
cos’® + usin «

where Kl = 3¢ ., 2
3E + Gk"“ sec «
K2 = 3G

3E + szseczw
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k = d/r = 2 = crack width

bar radius
E=13 X 103 Tons/in2 G = 5,5 x 103 tons/in2
and = 1

In Figs 6.8 - 6.10 u has been put equal to 0, 0.25, 0.5
respectively. It can be seen that there is a definite trend
towards moment enhancement with mesh orientations up to 45°,
This trend appears to take the same type of form as does
Princes curve although the maximum moment enhancement is of
the order of 6% at 45° compared to about 137 from the strain
compatibility curve.

Fig 6.8 illustrates the results obtained for slab
elements P4 - P7 for which p = 0. In this casé mj =0
at « = 90° and hence both fully kinking and strain
compatability curves approach infinity as « =+ 90°. It was
pointed out in Chapter 5 in the detailed description of tests
that P4 had not reached concrete crushing and this is reflected
by the low value indicated in Table 6.l1. Again the trend
of results is of the same type as the theoretical curves
although in this case values in excess of those predicted
by Prince occurred for = = 45° and 60°. As pointed out in
Chapter 5 considerable twist occurred in these specimens
resulting in the yield line farming at an angle of about
20° to the transverse direction. Consequently the results

illustrated here must not be accepted as strictly correct.

Fig 6.9 shows the ultimate moment values for slabs
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P8 - P12 for which p = 0.25. Again there is definite evidence
that the trend of results has the same form as the theoretical
expression, although the values &6r = = 30° and x = 45°
appear to be very high. Both specimens were affected by
possible bond failure and this may explain the high values
attributed to them. However it is clear that moment enhancement
was present,

Fig 6.10 shows the ultimate moment values for slabs
P13 - P17 for which y = 0.5. P16 for which B = 60°
unfortunately did not reach concrete crushing as described
in Chapter 5 and indicated in Table 6.1. Otherwise all the
values of ultimate moment agree closely with the trend of
the strain compatability curve although as in Fig 6.7
the values are below that curve.

Figs 6.7 = 6.10 imply that there was moment
enhancement with mesh orientation in all cases, For
u = 0.5 particularly the results indicate that an hypotheses
based on Princes expressions would describe the actual
behaviour of the elements at ultimate moment. It must be
remembered that the curves representing the theoretical
expressions are based on approximate material properties
so that exact agreement could not be expected. However
it is interesting to note the differences occurring in

the trend of results in Fig 6.7 and 6.10 for pu # 0 and 0.25.
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It was mentioned earlier that twisting was definitely noticed
in slabs for which py = O and although it was not apparent

the anisotropy of the elements for which y = 0.25 implies
that some twisting may have occurred in these slabs giving
unsatisfactory edge conditions which lead to high values

of moment being deduced. Thus the higher the value of

the less tendency to twist on the supports and consequently
the more exact the results presented.

6.5 Concluding Remarks

These tests carried out under nominal conditions of
uniaxial woment have shown that the stiffness values of the
elements were markédly different after cracking for different
values of mesh orientation. Before cracking occurred the
difference in stiffness was not so apparent although for
values of p of 0.25 and 0.5 there was definite evidence
of variation.

Ultimate moment values indicate definite trends
towards moment enhancement with mesh orientation. However
in the case of 'isotropically' reinforced elements ig is
questionable as to whether the increased capacity of 67 at
45° is significant or not.

Both elastic and plastic characteristics show that
anisotropic properties are present in all slabs, for even in
the case of so called 'isotropic' slabs the load - deformation

properties vary with mesh orientation.
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Lifting from the supports in the case of p = 0
inducing non-transverse yield lines to occur whilst the
strain gauge rosettes on the isotropic conetrete surface
indicated that the principal strain direction was close
to the span direction illustrate the way in which the truly
isotropic compressive concrete layer and the anisotropic
steel layer interact. As suggested in Chapter 3 the composite
material formed by these layers mst be subjec£ed to a three
dimensional analysis taking into account the compatability

of strains at the neutral surface.
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CHAPTER 7

COMPARISON OF RESULTS FROM THE GENERAL MOMENT TEST SERIES

Tl Introduction

In chapter 5, elastic characteristics and ultimate
moment characteristics were compared for slab elements with varying
mesh orientations and degrees of orthotropy in nominally uniaxial
bending. In this chapter similar characteristics are investigated
the case of slab elements subjected to combined bending and torsion.
Firstly the elastic behaviour of both 'isotropic' and 'non isotropic'
elements will be investigated by considering variations in stiffness
with crack angle and mesh orientation and secondly the behaviour at
failure for both types of slab element will be considered. The
effects of element restraint are discussed in 7.2.

72 The elastic behaviour and variations in stiffness

Ts2al 'Isotropically' reinforced elements

In the plank tests described in chapter 6 comparison was
made between the stiffnesses in the span direction for varying
values of mesh orientation under uniaxial bending. The effects of
Poisson's ratio before yield was not significant as the graphs in
chap ter 5 indicate. //

In the general moment test series curvdature in the Y-
direction must be assumed to have been effectively zero. 1In fact
valués were recérded, but were a small percentage of those

ameasured in o ther directions. Lensch&w and Sozen E’!QJ have assumed
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that the Poisson's ratio effect in cracked reinforced concrete

slabs is insignificant. 1In a truly isotropic element this
assumption would lead to the conclusion that no moment was induced
in the Y-direction as a result of the restraint imposed. However
in an anisotropic element this assumption may not lead to the same
conclusion. Lekhnitskii [4‘{' lists the equations at the generalized
Hookes law as applied to a generally anisotropic body in the

notation of Rabinovich. 1In the case of slabs in pore bending

these equations reduce to:

= 1 - . 4 . ) 7.1
EX == (Ux “yx GY nxy,x Txy (7.1)
XX
€ = 1 -V «a + 0 + T (7.2)
4 T ( Xy X y ansY xy)
yy
= 1 g+ 0+ T 7.3
Yoy © = (yxy %% * Ny,xyOy * Ty (703
Xy

where vxy and vyx are Poisson ratio values in the X and Y directions
respectively, n and n are coefficients of mutual influence
XYy X XYY
of the first kind and n and n are coefficients of mutual
X, Xy xy

’ Y
influence of the second kind. The Poisson ratios have the usual
meaning assigned to them, the coefficient of mutual influence at
the first kind characterize the stretching in the directions
parallel to the axes induced by the tangential stresses and the
coefficients of mitual influence of the second kind characterize
shear strains in the planes parallel to the coordinate axes induced

by the normal stresses. In orthogonally reinforced slabs such as

those tested it is possible to say that for any given mesh
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orientation v = = q and n =7 . From
yx X

Yy’ xy,x XY,y sXY  YsXY
these equations {7.1), (7.2) and (7.3) it can be seen that for ey = 0
not only has Poisson's ratio to be zero if Uy is to be zero, but also
the coefficients of mutual influence of the first kind.

It has already been shown that the moment-curvature
relationships vary with mesh orientation in the plank tests, even for
so called isotropic slabs, and although in normal plate theory only
stresses and strains in the plane of the plate are considered an
isotropic plate must still exhibit the same stress-strain
characteristics in all directions. Thus, even 'isotropically'
reinforced slabs behave anisotropically and must be analysed as
such, particularly in the elastic range.

Figs. 7.1 = 7.4 show the moment-curvature relationships
for slabs in which w = 1. Fig. 7.1 illustrates the way in which
the stiffness of the element in the ¥X-direction varies with the
Torsion orm, Ta, for slabs in which B = o7, Figs. 7.2 = 7.4 show
similar relationships for which B = 300, 45° and 67.5°
respectively. It can be seen that for any given angle B before
cracking the stiffness is constant for all values of Ta, allowing
for the fact that measurement of the smaller quantities of
curvature and load are subject to error. It can be concluded
therefore that in a continuous anisotropic reinforced concrete

plate, even if Poissons ratio were not equal to zero, as the

variations in stiffness for any given value of B due to variations
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in Ta, would be due to the effécts of the coefficients of mutual
influence which for different values of Ty effect e, through the
last two terms of equation (7.1), this constant has a value close
to zero.

Assuming therefore that the Poisson ratio and coefficient
of mitual influence effects are not significant, variations in
stiffness will not be influenced by the restraint in the Y-direction.
Thus the variations in stiffness after -cracking illustrated in figs.
7.1 = 7.4, are due to another effect. It is proposed that this
effect is due to the orientation of thé cracks to the X-direction
and the orientation of the mesh to the X-direction. Thus with
reference to fig. 7.5 the stiffness in the X-direction will be a
function of the angle between the crack direction and the main bar
direction defined by = = Y-8 and the orientation of the bar
direction to the X~-ditection defined by B. Thus for given slab
thickness and concrete and steel properties

S..= £ B, (7.4
and <« = g (8,68) (7.5
where Sx is the stiffness in the X-direction and 0 is the angle
between the X-direction and the principal moment direction at
cracking, In the plank tests the stiffness was a function of 8
only as the angle ¢ was equal to zero in all calls of u = 1,
It was therefore necessary to examine the variation of

« with B8 and 6 as described in equation (7.5). The values of ¥



FIG 7-5 DEFINITION OF o<
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have been recorded in éhapter 5, and are presented in tabular form
in Table 7.1,:as*the average measured crack angle at failure and
figure 7.6 shows the way in which « varies with B8 for constant
values Of Ta, which was a measure of 6. The dashed lines represent
the extreme values of Ta, indicating uniaxial bending or pure
torsion at J2=) and Ta = « respectively, if ¢ is independent of B.
It can be seen that the experimental plots also run at 45° to the
axes indicating that § was independent of B or that crack orientation
was independent of mesh orientation.

The implications of this independence of § on 8 are
important. Although in chapter 3 it was tentatively suggested
that the criterion for cracking would be one of maximum strain in
the concrete it appears from the results presented here that it is
in fact closer to a criterion of maximum stress. Remembering that
the stress-strain characteristics of a reinforced concrete slab vary
with the mesh orientation it would be expected that the crack
orientation would have been a function of the mesh orientation had
a criterion of maximum strain been obeyed. However as this has
been shown to be untrue it must be concluded that the criterion is
one of maximum stress.

It must be pointed out that the point representing TB6
in fig. 7.6 appears to be too low. In fact, although the value
of average crack orientation to the Y-direction, y, was measured

as 12.33° the angle that the crushing line made with the Y-direction



TB |° Yo
measure u ma
crack angle actual k.m/in Ta.in
1|1 O 7.0 .99 3.41 3
2 | 30 5.8 .99 3.42 3
45 4.6 1.00 3.48" 3
28 | 67.5 4.6 .97 3.18 - 3
4 0 20.3 1.00 3.51 - 11.25
51 30 19.5 -+98. © 3.30 11.25
6 | 45 27.3 .99 3.41 11.25
29 67.5 27.1 .96 3.13- 11.25
7 0 24.2 1.00 3.49 17.5
31 0 23.8 .99 3.40 17.5
8 30 27 .5 .98 3.33 17.5
9 45 20.8 .99 3.40 17.5
30 67.5 22.3 .92 2.88 17.5
10 0 12.1 .55 3.42 3
1L | 30 18.6 o053 3.47 3
12 | 45 19.0 «55 3.42 -3
13 60 11.7 .54 3.18: -3
14 | 90 3.6 54 3.29 - -3
25 (135 -1.9 oS4 3.17 -3
15 0 26.8 «55 3,53 11.25-
16 | 30 25.7 35 - 3.33 - 11.25
17 | 45 25.1 .54 3.23 11.25
18 60 20.0 55 - 3.41 - 11.25
19 | 90 16.8 5 3.38 11.25
26 1135 5.1 .54 -3.15 11.25
20 0 32.2 54 - 3,20 17.5:
21 30 33.5 55 3.42 17.5
22 45 30.5 54 3.34 17.5
23 | 60 20.8 «54 3,22 17.5
24 90 22.4 «35 3.36 17.5
27 (135 14.9 54 -3.24 17.5

Ma values and ¥ values - General moment series

TABLE 7 . 1
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was 19.50, a value which, if plotted in fig. 7.6, brings the value
of « for B = 45°, Ta = 11.25 in, in accordance with the other points
on the line. It can also be added that in the other slabs in which
p = 1 the difference in measured angle bétween thé cracks and the
crushing line was never more than 3

Fig. 7.7 shews the way in which the angle = varies wi th
Ta for given values of B. By extrapolation to Ta = 0 it can be
seen that the cracks would run in the Y-direction as expected.
Other authors @9] have stated that cracks ran orthogonally to the
maximum principal moment direction in all cases in which p = 1.
As described in chapters 3 & 5 the moment field due to the self
weight of the slab was superimposed automatically onto the moment
field due to the applied moments. Thus instead of the principal
momen t direction being constant at all stages of testing it varied
with applied load. However the curves drawn in broken lines in
fig. 7.7 represent the directions of cracks relative to the
a-direction if the self-weight moment effect is ignoréd and the
crack direction is assumed to be normal to the principal mment
direction. As Ta approaches infinity a state of pure torsion is
simul taneously approached and the dashed curves in fig. 7.7

becom asymptotic to = = 450, 750, 90° and 112.5° for g= 00, 30°

0
s 45
and 67.5° respectively. The differences between the curves
representing no self-weight moment field and the experimental

results reflect the presence of a self-weight moment in the
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X-direction. This difference in angle increases with the value

of Ta, being zero at Ta = 0 and reaching a valué govérnéd by the

self weigh t moment field at Ta = » when both curves become asymptotic
to a set angle «, Both curves are functions of tangént curves,

the dashed lineghave the equation

x = tan_l 2 M

M
b4

+8 (7.6

It has been shown that the crack direction is independent
of meah orientation for w =1 and varies. with the moment field as a
tangent curve. The stiffness in any direction will as previously
described vary with « and 8. Thus stiffness values after cracking
obtained fromfigs. 7.1 =7.4 end relevant to the X-direction are
plotted against « in fig. 7.8. It can be seénlthat four ovérlapping
curves result and by extrapolation the left hand end of each curve
for constant B represents the stiffness in uniaxial bénding and the
right hand end the theoretical stiffness in poré torsion not
allowing for a self weight moment field. The three points
répresenting uniaxial stiffness for g = 00, 30° and 45° from the
plank tests are plotted and it can be seén that alfhough there is
a discrepancy in the case at B = 0° the stiffness valﬁés for 8 = 30°
and 45° are close to the extrapolated values. As the curves
overlap a given stiffness can be obtained by different mesh
orientations under varying moment fields. The most noticeable

trend in fig. 7.8 is the way in which the stiffness values for
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varying moment states vary differéntly for givén values of . For
B = 0 for example the stiffness was consid;arably less in torsion than
it was in uniaxial bending whereas for B8 = 45° the valués of stiffness
for all moment combinations were almost thé same. It would be
possible for practical purposes.to draw an average line encompassing
all angles of B between 30° and 60° for all nnnﬁnt combinations.

In conclusion it has been shown that the stiffness in any
direction depends on the angle between the crack direction and bar
direction and the angle of the bar direction relative to it. It was
shown that = was directly proportional to the mesh orientation and
varied with Ta as a tangent curve. The stiffness in a given
direction varied less with increasing |y for a mesh orientation of
45° relative to that direction than for a mesh orientation of
B = 0° as fig. 7.8 indicates. The locis of the points
represénting uniaxial bending for all B values représents the
stiffness variation in the X-ditection for a uniaxial moment in
that direction, similarly the loci of the points répresenting
pure torsion and intermediate combined moment values represent
the stiffness in the X-direction under those given moment fields.

2.2 'Non-isotropically' reinforced slab

Al though it has been shown that it is incorrect to
describe slabs in which u = 1 as isotropic this section deals with
the slabs tested in which p = 0.5 and can generally be referred to

as non-isotropic. The same general procedure has been used to
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describe the elastic behaviour of these slab elements under varying
conditions of applied moment and mech orientation. Figs 7.9 - 7.14
show the moment-curvature relatioﬁships ip the X-direction for all
slabs reinforced with y = 0,5 under the three combined moment

© 30° 45°, 60°, 90° and 135° respectively.

conditions for 8 = 0O
There appears to be more evidence of variations in stiffness before
cracking than was noted in the case of slabs in which u= 1 and
considerable differences can be noted in relative stiffnesses when
compared with the 'isotropically'reinforced slabs. It was shown
in 7.2.1 that the stiffness was a function of B and = and = was a
function of the moment field only. Thus for slabs in which u =1
cracking occurred in the direction of the principal moment at that
time and was independent of B as others have postulated. The
major difference between the conclusions made here and those made

by other authors (29

has been the importance of the self weight
momen t field in the formation of cracks. JIn fact as the graphs
in chap ter 5 showing principal direction variations indicate there
must have been twisting moments in the crack directions at failure,
These questions will be discussed in section 7.3 which deals with
ul timate momen t behaviour.

In the case of slabs in which u # O previous work [17’ 29, 37]
has shown that because the ultimate moment in any direction is now

no longer constant, failure will take place in a direction other

than the principal moment direction. Kemp [17] for example has
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!
illustrated this concept, as shown in fig. 2.10, using Johansens

f ;
normal mment criterion and the curve .describing the variation in
d a

applied moment between M, and M,. Thus failure occurs in the
4]

dﬁrectlon in which the curves first touch as the app11ed moment

f1e1d is proportionally increased. Lenshaw and Sozen[:l using
I|
t?e same basic concept have referred to this direction as the 'line

of least resistance'.
Yhus fig. 7.15 shows the way in which the crack

orlentatlon Yy to the Y-direction varies w1th mesh orxentat1on Be

ﬁn the case of TB 21 and TB 22, particularly, two p01nts have been
1

plotted. It can be seen in plate 5.50 and 5.52 that the main

|
4

yield line crosses the original crack ditection. . The average
1.

,Value of slope at the yield lines causing failure- represented in

Flg. 7.15 appear to coincide closely to the trend of the other

]

result for Ta = 17.5 in. The dashed 11nes are those obtained
. 3 "
from Lenschow and Sozens [ ] equations (2.25) def1n1ng the y1e1d

|
}1ne orientation. It can be seen that they exceed the values of
@ generally in all cases although the form of the curves are -
%1mi1ar. The theoretical curves have beee plotted neglecting the
;elf weight moment and would therefore be exﬁected to exceed ;he
experimental values,

Fig. 7.16 shows the way in wﬁich the crack aﬁgle relative
?o'the Y-direction varies with values of ?a.; The dashed'iine
in this case being the principal moment direction neglecting dead
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weight. It can be seen that the ttends for B_==0° and 8 = 90°
~extrapolate to a value of y = 0 at Ta =0 as would be expected for
-uniaxial moment in eigher bar direction. Lenshow and Sozens
.predicted values for Ta = 0 are marked on this figure for the
.relevant values of B. Because of the fact that y is no longer
.independent of B, the variation of stiffness with « is necessarily
- mre complex than that of y = 1. However Fig 7.17 shows that
.again the variation in stiffness .in the X-direction was small
;between « = 60° and « = 130° whatever the .angle 8 or the torsional .
~lever arm and the lower bound on these stiffness values is drawn
-in Fig. 7.17.
It has been shown for non-isotropic slabs, therefore,
‘that al though the crack angle was no longer .independent of the
_mesh orientation the variation was of similar form to that predicted
.by Lenschow and Sozen but in general had a lower value of ¢ for a
given mesh orientation. The stiffness varied in a similar way
I-to that described in fig., 7.8 for slabs in which u = 1. Although
-.the variation was more complex due to thé-non-independence of ¢
~.on B, a practical simplification could be made so that stiffness
.values could be easily predic ted.

"Ts3 The yield behaviour of réinforced concrete slab-elements

T It is with the problem of yield and .ultimate behaviour of
.reinforced concrete slabs that most of the past work reviewed in

. chap ter 2 has been involved. It isone of.thé.objects of this
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work to experimentally verify or falsify the theories that have been
put forward concerning the yield criterion of reinforced concrete
slabs. As described in chapter 2 the most common theories
~ concerning the yield behaviour have proposed that at yield the
criterion at failure is purely one of normal morent on the yield
line. Other moments acting on this yield line such as the
tangential moment . and the twisting moment %ht either have no
_effect on the norml moment strength or are not independent of it.
In addition there is an increasing tendency to use the theorems of
Limit Analysis described in chapter 2 with the ﬁibbg;ed yield
~criteria., This involves strict c;;ditions being satisfied, for
example that yield obeys the plastic potential, the yield criterion
is convex and plastic flow occurs in a constant direction after
yiélding has taken place. These conditions have been described
more fully in chapter 2.

It is therefore necessary to check on the validity of
the assump tion that reinforced concrete slabs under pﬁre bénding
consti tute a material to which the yield criteria proposed and
the conditions of Limit Analysis can be applied. The first
observation that must be made is the meaning of the term yield line.
This is usually described as a definite discontinuity in the
concrete matrix normal to which plastic flow occurs. A study of
the plots of principal directions présented for each spécinén

shows that in the majority of cases the ditection of ptincipal
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curvature did not coincide with the final crack directions

at least until failure. The plots show that on the whole the
principal curvature direction approached the final crack
orientation after yield whereas before yield the direction
was nearly constant. In some specimens there was a

definite tendency for the principal curvature direction to
reduce in the elastic range until yield, whereupon the
directions increased up to the final failure direction. = Thus
immediately it can be said that the condition of Limit
Analysis demanding a constant direction of plastic flow

after yield, was not obeyed in the tests. In most cases

the principal curvature direction, which is a greater measure
of plastic flow direction than any crack direction my be,
varied between yield and ultimate failure. This fact throws
considerable doubt on the assumptions of Prince [37] that the
crack direction is at right anglés to the principal strain
direction during yield.

To investigate other aspects of the yield range it
is necessary to compare the stress staté on the yiéld line
for each specimen. Thus the results presentéd in chapter 5
concerning the ultimate load were converted into principal
moments by using figs. 5.70 a‘nd 5.71 and principal momen t
directions at failure from fig. 5.69. It w:as then possible

to calculate the normal morment, the tangential moment and the
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twisting moment in the final crack directions by making use

of the effective crack length concept déscribéd in chapter 6.
Al though the final crack orientations have been presented in
sections 7.1 and 7.2 it is necessary to investigate the
variables likely to affect the yield criterion itself. These
are mn‘the norml moment on the yield line or more correctly

the final crack direction, m, , the tangential moment, m

Lt the

twisting moment and «, the angle between the main bar direction,
a, and the n direction. In addition to the stndardization

of results due to effective width variations the values of
movement were divided by the values of m presented in Table
7.1. Table 7.2 and 7.3 therefore show the values of moment
and angle mentioned above for slabs in which p =1 and p = 0.5
respectively. It can be seen from these tables that
comparison of the four variables is made difficult by virtue
of the fact that no particular variable is constant for
varying values of the other three paranéters. However to
follow the procedure used in chapter 6 values of m have

m .
nj

been plotted against =. Fig. 7.18 shows the plot of failure
moments for slabs in which u = 1, It can be seen that three
distinct lines ensue.

The ratio of m_ varies but can be said to be equal

#a

t
approximately to -2.5, =4.0 and -40 for Ta values of 17.5 in,



TB "n/ o mt/m mnt/m -
1 1.07 -.030 -.0755 7.0
2 .95 - 041 = ~-.0705 -35.8
3 .985 -.021 - -.0945 59.6
4 1.14 ~.29 -.179 20.3
5 1.06 -.261 -.180 - 49.5
6 1.17 -.29 -.21 64.3
7 1423 -.48 -.26 24,1
8 1.20 -.475 ~.21 1578
9 1.30 -.48 -.386 65.8"
28 .96 -.015 -.110 -72,1
29 1l -.282 —;103¥~ 90,2
30 1.15 -.43 ~.292 89.7
31 122 -.478 -.274 23.7-
TRBLE 7 . 2

Moment Conditions on yield line at failure, p = 1




TB iin/m hht/m nmt:/m o

10 .945 -.030 + .058 12.1

11 .800 -.007 v 2044 48.6

12 .660 -.005 + 217 «64.0

13 .626 -.017 + 042 71.7

14 .554 -.008 - .127 93.5

25 .800 +.012 - .348 133.1

15 1.15 -.308 - .025 26.8

16 .835 -.212 - .038 55.7

17 ,710 w177 - .048 70.1

18 .650 -.148 - o167 80.00
19 .676 =~ 151 - 294 106.85
26 1.02 -.158 -1.13 140.1

20 1.28 -.52 - .025 32.2

21 .86 -.337 - 061 63.5

22 .76 -.288 - 044 75.5

23 745 -.247 - ,367 80.8

2 854 -.314 - o415 112.4

27 1.26 -.431 1,12 149.9

TABLE 7 . 3

Moment condi tions on yield line at failure p = 0.5
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11.25 in, and 3 in respectively. These three ratios of moment
on the yield line can be seen to correspond to three distinct
trend lines in fig. 7.18. Thus moment enhancement is not
significantly affected by the value of & but is very significantly
influenced by the values of m / . Whenm /_ = -2.5 there
nm n'm,
can be seen to be an increase in moment capacity of about 257,
when m / = -4.0 a moment increase of about 107 and when m_/_ = =40
n'm n'm

there appears to be a drop in moment capacity of a few percent

if anything. From table 7.2 it can be seen that values of L

m
a

are generally nearly constant for the three ratios of mn/m .
t

Fig. 7.19 shows the results of the slabs in which p = 0.5
presented in the same way. There is an even more striking
division between the three sets of points representing the three
moment ratios. Again there appears to be little enhancement
with « but a very significant enhancement with moment ratio,
amounting to about 457 in the case of Ta = 17.5 in, 277 for
Ta = 11.25 in and 107 for Ta = 3 in. These two figures, 7.18
and 7.19 show that very significant increases in normal moment
capacity occured when the ratio of norml to tangential moment
was greatest, This conclusion can of course only be applied to
slabs in which the normal and tangential moments were of opposite
sign as was the case in these tests. These results agree on
the whole with the results of Baus and Talaccia @3] in this

range and if their other premises are correct, would lead to the
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fact that the yield locus was concave and hence inapplicable
to the theorems at Limit Analysis.

It shm.ﬂd be noted that because of the continually varying
direction of principal moments, cracks appeared which were
eventually yield lines and which had twisting moments acting
on them even in the case of isotropic slabs as soon in chapter 5.
These twis ting moments must to a greater part have been resisted
by the bars acting in shear. |

To complete the presentation of failure momént
resul ts, the values obtained are plﬁtt:éd in principal moment
space in the conventional manner in Figs 7.20 and 7.21
respectively., The arrows represent the final crack

directions relative to the principal moment directions for each

r

spcimen, In Fig. 7.20 for u = 1 slabs the angle of the yiéld
lines to the principal moment direction-increased with
increasing negative M2 indicating a curved concave yield locus
if plastic potential was obeyed. The plots in Fig. 7.22 are
not however so clear al though it should be noted that at very
low values of Ml and M2 the direction of the yield lines is
to the right of the principal momént direction whereas at
higher values of moment it is to the left.

Other observations of particular interest during the

experimental study were the formation of stepped yield lines.

This phenomenom was particularly noticeable in specimens TB 13
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17, 18, 21,222 and 23 and can be seen in plates 5.39, 5.45,
5.46, 5.50, 5.51 and 5.53. The principal moment directions
were close to the bar directions in these cases and the yield
lines ran along B2%8& for a distance of about 4 in before

- Jumping to the next bar and so on. This would imply a
different stress state at different points on the stepped
yield line. However, if the concept of dowel action and the
possibility of slight reorientation of bars is taken into
account it can be seen that the systém could be kinematically
admissable. |

It can be concluded then from the results presented
in this section that

a) Principal curvaturé directions do not remain
constant after yield.

b) The yield locus would appear to be of a concave
type unless the plastic potential is not obeyed. If either
is true one of the conditions of. Limit Analysis is violated.

¢) The yield criterion for reinforced concrete
slabs does not depend only on the normal morment to the yield
line but also to a very significant extent on the value of the :
tangential moment and possibly the twisting moment on the '

yield line, whereas the effect of mesh orientation appears small.
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CHAPTER 8

CONCLUS IONS

8.1 General Béhaviour

The general, overall object of this study was to
carry out a predominantly experimental investigation into the
behaviour of reinforced concrete slabs subjected to pure
moment, with particular reference to the verification or
otherwise of particular théories concerning the action of such
slabs under load.

A total of forty eight slab elements have been tested
under conditions of uniaxial moment and combined bending and
torsion. Results havé been presentéd appertaining to both
the elastic and plastic behaviour of such slab elements. The
principal variables have been the degree of orthotropy, u, and
the combination of and direction of moments with respect to the
orthogonal reinforcing mesh.

The way in which slabs were tested under combined
bending and torsional moments resulted in a continuously varying
direction of principal moment and it was suggested in chapter 3
that this would have a significant effect on the ul timate
behaviour of the slab element ascracking would take place at
a low load, forming the continuous composite into a

discontinuous composite and thus changing its properties
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significantly. This parameter would be of importance in all
slab structures in which the self-weight moment field and the
applied moment field did not coincide.

8.2 Elastic behaviour

With the new combined codes of practice concerning
reinforced and prestressed concrete structures demanding checks
on the Limit States of local cracking, deformations and ultimate
load it is necessary to understand the elastic behaviour of the
slab before and after cracking. It was shown that Lenschow
and Sozen's theoretical analysis gives higher values af
stiffness as an average over both ranges than the test results |
indicate for the cracked range. Although the form that'these
equations take are of similar form to the test results they are
of fairly complex form and for practical purposes it may well
be advisable to approximate linearly to the actual curves of
stiffness against mesh orientation. The results presented
show that there is a strong possibility that this idealization
can be achieved as stiffness values under all moment
corbinations appear to be fairly constant within certain
ranges of mesh orientation.for a slab of given steel and concrete
propetties and of given thickness it was shown that the
stiffness in any direction is a function of the angles that
the crack and the mesh make to that direction. For slabs

in which p =1, the original crack direction which formed when
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when the principal moment reached a critical value remained
constant up to failure and hence with a directionally varying
moment field twisting morents are present on these yield lines
from cracking until failure. It was shown that these crack
directions were not a function of mesh orientation which /

i
|

Yeigat
implies for the anisotropic slab that the criterion of cracking /(’

i

/
is one of maximum principal stress rather than one of strain. /

The variation of stiffness with mesh orientation is positive
proof that the slab has anisotropic elastic properties even for
a slab in which p = 1. Elastic analysis must therefore be
carried out with these varying elastic properties in mind

and the concept of a material made up of an isotropic concrete
compression layer and an anisotropic tensile layer both of
which are in equilibrium and are compatible must lead logically
to a three dimensional analysis being carried out as the
principal strain directions will vary in and through either
layer.

In slabs in which u # 1 a more complex relationship
exists between stiffness and mesh orientation aw the crack
direction is no longer independent of the mesh orientation
under a given moment field., If£ was shown that the variation
of the crack direction with the mesh orientation waé of the
same form as suggested by Lenschow and Sozen for different

moment fields. However the equations of Lenschow and Sozen
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do not take into account the change in slab properties at
cracking and are based purely on a failure direction concept.
The fact that directionally varying moment fields are not
allowed for in Lenschow and Sozens analysis probably explains
the difference between theoretical and experimental trends and
generally it appears that the type of equation used in the
prediction of failure directions is of the right form.

8.3 Post-yield behaviour

It is in this field that most work has been carried
out and it was one of the major objects of this study to check
on the assump tions and theories in use. At present all
theoretical yield criteria are based on a normal mment
criterion and the more advanced work in this field has shown -
that the laws of plastic potential are obeyed and hence the
use of Limit Analysis endorsed. It was shown that certain
basic requirements in general theories WeTe not met in the yield
behaviour of the specimens tested. They were

1) Plastic flow did not occur in the same direction
after yield.

2) The crack direction was not necessarily normal

to the principal curvature direction after yield but tended to

e ey

coincide with it at failure. i
3) The shape of the yield locus did not appear to

be convex although conclusive proof of this was pot obtained.

ok
‘
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4) The yield criterion was a function of mesh
orientation to the crack direction in the case of slabs tested
under uniaxial moment, the concepts suggested by Prince
appearing to be in closest agreement with th.e test results.
Thus the shear stiffness of the reinforcing bar was a
significant property in the slabs behaviour,

5) The yield criterion does not depend only on the
norml moment to the yield line but is very significantly
affected by the tangential and twisting moment acting on it.
The effect of these parameters appearing to overide or msk
the effect of the mesh orientation on the moment capacity
noticed in the uniaxial bending tests.

6) Failure could take place on 'stepped' yield lines
for which different stress states occurred at different points
on the crack thus enabling the entire mechanism to be
kinematically possible.

From the above observations it may be directly
concluded that the material does not strictly obey the
requirements of Limit Analysis and that present yield criteria
must be revised to take account of the tangential and twisting
moments on the yield line or crack at failure. Although it is
important that a criterion of failure must be of a simple form
to allow mathematical solution it is important that the true

behaviour of a reinforced concrete slab should be experimentally
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verified before such simplification is possible.

8.4 Suggestions for future research

Research is still needed into the experimental and
theoretical aspects of the behaviour of reinforced concrete
slabs.

A useful approach to the analytical study would be one
in which the material is considered as an anisotropic,
discontinuous, composite material in which the discontinuities
have different properties to the continuous portions. A three
dimensional analysis could be attempted taking into account the
shearing stiffness of the reinforcing bar and allowances for
initial crack directions could be made so that overall behwviour
of the composites suggested in chapter 3 could be predicted up
to failure.

At failure more experimental evidence is required at
the relationships between normal, tangential and twisting
moments on the cracks. Pre-cracked sections could be used and
different ratios .of the above variables applied to build up a
complete picture of the significant variables and their
relationship with each othér.‘ It is thought important that
experimental studies are of greater priority than analytical
work at present as there is thé danger that highly sophisticated

theoretical approaches will become mathematically unmanageable

and outweigh the advantages of the simplicity of yield line theory

at present in use.
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